Chapter 4

Computing Dynamic
Deformation

4.1 Variational principle in dynamics

Let us calculate the dynamic deformation of an elastic body. We apply variational principle
in dynamics for the calculation. Let T" and U be kinetic and potential energies of the body.
External forces applied to the body will deform the body. Let W be work done by external
forces. Geometric constraints imposed on the body causes the deformation of the body. Let
R be a collective vector of geometric constraints. Variational principle in dynamics insists
that a geometrically admissible motion of a holonomic system between two configurations
at specified times is natural if and only if the variation of action integral vanishes for any
variations. This is equivalent to the Lagrange equations of motions. Lagrangian of a system
is defined as

L=T-U+W+A'R (4.1.1)

where A denote a collective vector consisting of Lagrange multipliers corresponding to indi-
vidual constraints.

In finite element approximation, deformation of an elastic body is described by nodal
displacement vector uy and its time-derivative @y, implying that the Lagrangian is a function
of vector uy and wy. Lagrange equation of motion and deformation is then described as
follows:

oL d oC

8UN dt 8uN
A set of constraints R = 0 can be converted into a set of ordinary differential equations
stabilizing the constraints:

=0 (4.1.2)

R+2aR+a*’R=0 (4.1.3)

where « is a positive constant. By solving the above two ordinary differential equations, we
can compute dynamic deformation of a body.

Many algorithms for solving a set of ordinary differential equations (ODEs) have been
proposed and available. We can apply such ODE solvers to the above ordinary differential
equations. For example, MATLAB offers ODE solvers such as ode45 and odelbs. Solv-
ing a set of ordinary differential equations, we can obtain wuy(t), which sketches dynamic
deformation of a body during a given time period.
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4.2 Dynamic deformation of one-dimensional soft body

Let us formulate the dynamic deformation of an regular-shaped elastic beam of its length L.
Assume that cross-sectional area A, Young’s modulus F, and density p are uniform along
the beam, implying that they are constants . Dividing [0, L] into four small regions, kinetic
and strain potential energies of the beam are described as follows:

1 1
T:iugMuN, U:iugKuN

(see eqgs. (2.2.16)(2.2.6)), where inertia matrix M is given in eq. (2.2.17) and stiffness matrix
K is described in eq. (2.2.5). Assume that end point P(0) is fixed to space while an external
force f is applied to end point P(L). Work done by the external force is then described as

W = fTuN

where f = [0, 0,0, 0, f]7. Since displacement of point P(0) should be equal to zero, the
following geometric constraint must be satisfied:

R=a'uy=0

where @ = [1, 0, 0, 0, 0] 7. Consequently, we have the following Lagrangian:
1 1
L(u,0) = iug M uy — B uy Kux + flun + Xa uxy =0 (4.2.1)

where ), is a Lagrange multiplier corresponding to a single constraint a ' ux = 0. Since M
and K are constant matrices, we have

ﬁz—KuN—i—f—i—)\aa, EZMUN
Oun Oun

which directly yields

—Kun+ f+Xa— Miuxy=0 (4.2.2)
Equation for stabilizing constraint @ uyx = 0 is given by

a'iyn +20aun +aTuy =0 (4.2.3)

where « is a positive constant. Introducing vy = iy, the above two ordinary differential
equations turn into

Moy —ar, = —Kun+ f
—aT'bN = QaaT'vN + aQaTuN

Combining the above two equations, we have

M —a UN o —Kun+ f
ERREE
where C(uy,vy) = 2aa’vx + a?a’uy. Note that the coefficient matrix of the above

equation is constant. Given uy and vy, we can calculate the right-side vector of the above
equation, implying that solving the above linear equation yields vn. Consequently, given un
and vy, we can calculate their time derivatives @ty and vy, which offers a canonical form of
ordinary differential equations. Any ODE solver is available to solve the canonical form of
ordinary differential equations numerically.
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Figure 4.1: One-dimensional beam jumping

Example Let us calculate the dynamic deformation of an elastic beam of length L. Divide
region [0, L] into five small regions. During time interval [0, tpush ], one end P(0) of the
beam is in contact with the floor and a pushing force fyush is applied to the other end P(L)
to shrink the beam. During [tpush, tend ], the applied force is released. A reaction force
exerts to the contacting end as long as the end is in contact with the floor. Penalty method
is applied to calculate the reaction force. Namely,

—kfioor Au(0) u(0) <0

reaction force =
0 u(0) >0

Figure 4.1 shows a calculation result with L = 10cm, A = 2cm?, E = 50kPa, ¢ = 0.2kPa-s,
p = 1.0g/em?, fousn = 2.0N, tpuen = 0.2, and kaoor = 0.1 MPa/cm. Deformation of the
beam during [¢push, tend ] and jumping motion during [¢push, tend ] are calculated properly.

4.3 Dynamic deformation of two-dimensional soft body

Let us formulate the dynamic deformation of a two-dimensional elastic body specified by
S. Assume that Lamé’s constants A, u, density p, and width A are uniform over the body,
implying that they are constants. Approximating region S by a finite number of triangles and
letting ux be nodal displacement vector, kinetic and strain potential energies are described
as

1 1
T = 5ugMuN, U= 5ugKuN

where M denote the inertia matrix and K represent the stiffness matrix. Work done by
external forces can be formulated as

W = fTuN
A set of geometric constraints imposed on the body can be described as
R=ATux —b(t)=0
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where b(t) is a collective vector specifying the position of constrained points at time t.
Consequently, we have the following Lagrangian:

Llun,in) =T -U+W+A'R

1 1
=~y M uy — §u§ Kun+ flun + AT (ATuy — b(t)), (4.3.1)

where A is a collective vector of Langrange multipliers corresponding to a set of constraints.
Since M and K are constant matrices, we have

oL oL

7:—K’U,N+f+AA7 7:M'U/N
8uN auN
which directly yields
—Kun+ f+AX— Miiy =0 (4.3.2)

Equation for stabilizing constraint Auyx = 0 is given by

(ATdin — b(t)) + 2a(ATun — b(t)) + o*(ATux — b(t)) = 0, (4.3.3)

where « is a positive constant. Introducing vy = y, the above two ordinary differential
equations collectively turn into

{—% _A} [UAN } B [ Z*I((uqﬁ;ﬂ (4.3.4)

where

Clun,vx) = —b(t) + 2a(AT vy — b(t)) + o?(ATux — b(2)).
The above equation provides a canonical form of ordinary differential equations, which can

be solved numerically by any ODE solver.

Damping forces Let us introduce damping forces caused by viscosity of robot body mate-
rial. Let ¢ be viscous modulus of the material. Linear isotropic viscosity can be characterized
by two constants

vc : C

)\vis — vis _
Q+v)1—20y " T2+

where v denote Poisson’s ratio. Then, a set of damping forces at nodal points is described
by

—Buy
where
B = )\’UiSJ)\ 4 NvisJu

is referred to as damping matriz. Replacing elastic forces —Kuy in eq. (4.3.4) by viscoelastic
forces —Kuyn — Bvy, we can compute the dynamic deformation of a viscoelastic body.
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Figure 4.2: Square body on a floor

Example (deforming body) Let us calculate the dynamic deformation of a two-dimensional
elastic square body of width w shown in Fig. 4.2. Let us divide the square region into 3 x 3 x 2
triangles. During time interval [0, tpush |, the bottom of the body is fixed to the floor and
edge P14P15 moves downward at a constant velocity vpusn. During [tpush, thold |, the bot-
tom remains fixed and and edge P14P15 keeps its position. During [tnold, tend |, the bottom
remains fixed while P14P15 is released.

During [0, ¢push ], the following constraints are imposed on the square body:

U1:UQZU3ZU4:0
uyg = us =0+ 'Upusht
where vpush = [0, —vUpush | |- Matrix

1

1

I
1 2 3 4 14 15-th block columns

specifies the nodal point displacements under constraints, that is,

uy
U2

ATuN =

A collective vector specifying the position of constrained points at time ¢ is then given by
b(t) = by + byt

where

o oo

by = b1

o

Vpush
Upush

Qo CoCcoCcoo
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Figure 4.3: Dynamic deformation of an elastic square body (3 x 3 x 2 triangles)

Noting that b(t) = by and b(t) = 0, we find
C(un,vn) = QQ(AT'UN —by)+ OzQ(AT’u,N — (bo + byt)).
During [tpush; thola ], we find

0

0

0

0
vpushtpush
vpushtpush

oo ooo

During [thold, tend |, we have the following constraints:
u1 ZUQZU3ZU4:O,

which yields,

AT =
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Figure 4.4: Dynamic deformation of an elastic square body (9 x 9 x 2 triangles)

o oo

bo = by =

S o oo

0

Figure 4.3 shows a snapshot of the computation result with w = 30cm, h = lcm, E =
1.0MPa, ¢ = 40Pa-s, v = 048, p = 1.0 g/cm?®, tpusn = 0.58, thoa = 1.0, and vpush =
16 cm/s. Figure 4.4 shows a snapshot of the computation result under a finer mesh; the
square region consists of 9 x 9 x 2 triangles. These computation results demonstrate that
deformation can be simulated properly. Additionally, computation results depend on mesh.

Penalty method When an elastic body contacts with an obstacle, reaction forces are
applied to nodal points of the body. Penalty method provides a formulation of reaction
forces causes by the contact. In penalty method, nodal points may interfere with obstacles,
but penalty forces are applied to interfering nodal points to dissolve the interference. Let
us introduce a signed distance d(x) to describe an obstacle. Function d(x) is equal to
0 at any point on the surface of the obstacle, negative inside the obstacle, and positive
outside the obstacle. Gradient vector Vg = [dg/dz, dg/0y]" is the outside normal vector
of its magnitude 1. We apply a penalty force to a nodal point inside an obstacle to avoid
mechanical interference between the point and the obstacle. Assume that the penalty force
is given by virtual spring and damper between an interfering nodal point and an obstacle.
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Figure 4.5: Jumping of an elastic square body (3 x 3 x 2 triangles)
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Figure 4.6: Jumping of an elastic square body (9 x 9 x 2 triangles)

Noting that the direction of the penalty force is given by gradient vector Vg, the penalty
force is formulated as
(=Kpd — Bpd) Vd d(x) <0

= 4.3.5
Fe 0 otherwise ( )

where K, denotes contact stiffness coefficient and B}, represents contact damping coefficient.
For example, assume that a floor is described as d(x) = y, that is, the floor region is given
by y < 0 and the floor surface coincides with z-axis. Gradient vector is given by Vg = [0,

1 ]T. Noting that position of k-th nodal point Py, is given by [x + ug, yr + vk }T, where xy,
and y; are independent of time, the penalty force applied to Py is described as
0 +v. <0
. Y TV >
fp = 7Kp(yk =+ vk) — prk (436)
0 otherwise
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Figure 4.7: Jumping of an elastic square body (3 x 3 rectangular elements)

The above equation provides reaction forces applied to an elastic body from the floor.

Example (jumping body) Let us simulate the jumping of a two-dimensional elastic
square body. Divide the square region into 3 x 3 x 2 triangles (Fig.4.2). During [0, tpusn ],
the bottom of the body is fixed to the floor and edge P14P15 moves downward at a constant
velocity vpush. During [fpush, thoid |, the bottom remains fixed and and edge P14P15 keeps
its position. During [thold, tend |, all constraints are released, but reaction forces are applied
to the body from the floor. We apply penalty method to calculate reaction forces. Figure
4.5 shows a snapshot of the computation result with width w = 30 cm, thickness h = 1cm,
Young’s modulus E = 1.0 MPa, viscous modulus ¢ = 40 Pa - s, Poisson’s ratio v = 0.48, den-
sity p = 1.0 g/cm3, toush = 0.98, thold = 1.0, vpuen = 16 cm/s, contact stiffness coefficient
K, = 100 N/m, and contact damping coefficient B, = 0 N/(m/s). The computed result
demonstrates the jumping of an elastic body but the body rotates during jumping, which
originates from asymmetric triangular mesh. Figure 4.6 shows a snapshot of the computation
result under a finer mesh; the square region consists of 9 x 9 x 2 triangles. In this compu-
tation, contact stiffness coefficient is K, = 100 N/ m x (4/10), since the bottom of the body
includes 10 nodal points whereas 4 nodal points in Figure 4.5. Comparing Figs. 4.5 and 4.6,
we find computation results depend on mesh and finer mesh yields better result.

Example (rectangular elements) Rectangular elements can be applied to computation
of dynamic motion and deformation. Recall that stiffness and inertia matrices of an elastic
body consisting of rectangular elements are formulated in egs. (3.6.6)(3.6.10) (see Section 3.6).
Applying these matrices to eq. (4.3.4), we can calculate the dynamic motion and deformation
of the body.

Let us simulate the jumping of a two-dimensional elastic square body. Divide the square
region into 3 x 3 rectangular regions. Figure 4.7 shows a snapshot of the computation
result. Note that results based on triangular elements (Figs.4.5 and 4.6) lost symmetry in
deformation and the body rotated during jumping while the result based on rectangular
elements kept symmetry in deformation and little rotation happened during jumping.

Nodal force vector caused by pressure Pressure applied into a chamber causes dis-
tributed stress along the boundary of the chamber area. Assuming that the increment of the
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Figure 4.8: Dynamic expansion of an elastic membrane by air pressure

chamber area is described by a polygon, distributed stress turns into a set of nodal forces at
vertices of the polygon. Let S(uy) be the area of the polygon and p be the applied pressure
at time ¢t. Since work done by the applied pressure is given by ph S(un), nodal force vector
is described as ph 0S/0un. Then, a set of Lagrange equations of motion and deformation is
described as follows:
M'i)N — A\ = 7K’U,N — B’UN +phai
6UN
Note that gradient vector 9S/0un can be calculated from geometry of the polygon (see
Problem 6 in Section 3). Method surrounded_area_gradient of class Body calculates this
gradient vector.
Let us compute dynamic deformation of an elastic membrane shown in Fig. 3.5. Membrane
material is characterized by Young’s modulus £ = 0.1 MPa, viscous modulus ¢ = 40 Pa - s,
Poisson’s ratio v = 0.48, and density p = 1.0 g/cm?®. Pressure at time ¢ is given by

20kPa t<1.5s
p(t) =
0.0kPa t¢t>1.5s

Figure 4.8 shows a snapshot of the computation result. The membrane expands outward while
positive pressure is applied, then recovers its natural shape after the pressure is released.

4.4 Nodal point forces based on Green strain

Simulation of dynamic motion and deformation requires nodal point forces. When we apply
Cauchy strain, a set of nodal point forces is calculated by a linear description —Kuy, since
strain potential energy based on Cauchy strain is quadratic with respect to nodal point
displacements. When we apply Green strain, strain potential energy turns quartic with
respect to nodal point displacements, suggesting that nodal point forces are cubic with respect
to the displacements. Instead of formulating complex cubic description, we construct a
procedure to calculate nodal point forces based on Green strain.

Let us formulate nodal point forces caused by Green strain E at triangle T, = AP;P;P}.
Partial strain potential energy stored in triangle T, is described as

1
Uy = 5ET(AJA +ul,)E Ah
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where A = AP;P;P,,. Differentiating the above equation with respect to v, and ~,, we find

ou, _OBTOU,  oU, 0BT oU,
0v.  O0vy OE’ 0y, 0v, OFE
where
av,
8715‘) = (M +pl )AL E
and
OET [ 0E,, 0E,, 0(2E,,) OET [ 0E,, 0E,, 0(2E,,)
0vu B 0 0Yu v , 0w B vy 0w 0

Calculating the above partial derivatives, we have

aaizx =a+ (aT'Yu)a =(1+uz)a
OF
s — (57,)b Cup
2F
E
(@ ~
OF
5y, ~ ot BTl = (1+u,)b
% =a+ a(b—r’)'v) + (G/T"}/v)b = (1 + ’Uy)a + v,;b
Yo
Consequently,
ou, ou
=] QI+ug b (1+uy)b 2
M [( +u)a Uy ( +u) —l—uya]aE
ou U
[“)'yf =[ wwa (1+vy)b (1+vy)a+v,b ]a—é”

From the above two partial derivatives, we obtain partial derivatives OU,/0u;, 0U,/0u,;,
and 0U, /Ouy. Namely, the first elements of the above two partial derivatives yield 0U,/d0u;,
their second elements yield OU,/Ou;, and their third elements yield OU,/d0us. Nodal point
forces at P;, P;, P;, caused by partial strain potential energy U, are then formulated as

oy,
(9’(14 ’

_ 9y
8uj’

_0Up
3uk

=

- it -

Synthesizing nodal point forces of all triangles, we obtain nodal force vector caused by Green
strain, that is,

f!
= 7 (4.4.1)
p e
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Figure 4.9: Dynamic bending of elastic bending (Cauchy strain)
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Figure 4.10: Dynamic bending of elastic bending (Green strain)

For example, nodal force vector of a rectangle region shown in Fig. 2.2 is described as follows:

fi
f + 3 + f3
= f3 + f3
fi + £}
2+ fF + f
fé

Replacing —Kuy in eq. (4.3.4) by the above nodal force vector fx, we obtain dynamic equa-
tion of deformation based on Green strain. Method nodal_forces_Green_strain of class
Body calculates nodal force vector based on Green strain for given nodal point displacements.

The above procedure is able to calculate Green strain based nodal force vector, but
requires much calculation time. Section 4.5 details an improved procedure to calculate
Green strain based nodal force vector through multiplication of coefficient matrices and
collective vectors. Before calculating Green strain based nodal force vector, method cal-
culate_coefficient_matrices_for_Green_strain of class Body should be performed once to
prepare coefficient matrices for the calculation.

Example (beam bending) Let us simulate the dynamic bending of an elastic beam of its
length 10 cm, height 2 cm, and thickness 1 cm. One end of the beam is fixed to a wall while
the center of the other end is push downward by 5 cm during 5, before releasing the pushing
constraint. Assume the material of the beam exhibits isotropic linear elasticity, specified by
E = 01MPa, ¢ = 40Pa s, and v = 0.48. Figure 4.9 shows the computation based on
Cauchy strain. Dynamic deformation is formulated as eq. (4.3.4). The right end of the beam
unnaturally expands in the deformed shape. Figure 4.10 shows the computation based on
Green strain. We find that the beam bends naturally, avoiding the unnatural expansion of
the elements.
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Figure 4.11: Rolling of elastic ring

Example (rolling contact) Let us calculate dynamic behavior of an elastic ring rolling on
a flat floor. We focus on the two-dimensional deformation of cross-sectional area of the ring.
The outer and inner radii of the ring are 4mm and 2 mm in its natural shape (Fig.4.11(a)).
Material of the ring exhibits isotropic linear elasticity, specified by £ = 0.1 MPa and v = 0.48.
Green strain is used during the calculation. Viscous modulus of the material is ¢ = 0.04 kPa-s.
Density of the material is pief = 1 g/cm? in the left half of the ring while pyignt = 10 g/cm?
in the right half. Gravitational force acts along vertical direction downward with acceleration
of gravity g = 9.8 m/s%. Difference in density causes the ring rolling clockwise.

Let us extend penalty method eq.(4.3.5) by introducing tangential damping so as to
simulate the rolling on a floor. Let d(x) be the signed distance specifying the floor. Velocity
& can be decomposed into normal component (Vg Vg') & and tangential component (I —
Vg Vg")x. Assuming that damping force acts along tangential direction, penalty force is
described as

(4.4.2)

£ (=Kyd — Bpd) Vd — By(I —VgVgT)& d(z) <0
P 0 otherwise

where By represents tangential damping coefficient. Especially, when a floor is specified by
d(x) = y, that is, the floor region is given by y < 0, penalty force applied to nodal point Py,
is described as

~Bui Y + v <0
. k k >
— Ky (yx + vi) — Bpiy, (4.4.3)

0 otherwise

fp:

The above equation provides reaction forces applied to an elastic body from the floor.

Figure 4.11 shows a snapshot of a simulation result with penalty method parameters
K, =1000 N/m, B, =0N/(m/s), and By = 20 N/(m/s). The elastic ring deforms under
gravity, rotating clockwise and moving rightward (Fig.4.11(b) through Fig.4.11(e)). The
ring turns stationary when heavier half comes downward (Fig. 4.11(f)).
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Example (elastic ring with eight spring actuators) Let us calculate dynamic behav-
ior of an elastic ring driven by eight spring actuators. We focus on the two-dimensional
deformation of cross-sectional area of the ring (see Fig.3.11(a) in Section 3.5). The outer
and inner radii of the ring are 5mm and 4 mm in its natural shape. Material of the ring ex-
hibits isotropic linear elasticity, specified by E = 0.1 MPa and v = 0.48. Green strain is used
during the calculation. Let density and viscous modulus of ring material be p = 1 g/cm?
and ¢ = 0.04kPa - s. Eight spring actuators labeled A; through Ag counterclockwise are
radially distributed inside the ring. Mass m supports the spring actuators, that is, one end
of each spring actuator is connected to the mass and the other end is connected to inner
surface of the ring. In natural state, actuator Ay is below the mass. Let mass be m = 1g
and acceleration of gravity be g = 9.8 m/s?. Assume that natural length of all actuators be
L = 4mm, that is, the natural length is equal to the inner radius of the ring. Let spring
constant of all actuators be k =20 N/ m.

Note that the total Lagrangian is the sum of Lagrangian of the elastic ring and Lagrangian
of of the mass and spring actuators. Lagrangian of the elastic ring yields dynamic equation
of motion and deformation of the elastic ring alone. We formulate Lagrangian of the mass
and spring actuators to formulate the dynamic equation of the mass as well as additional
forces applied to the elastic ring through spring actuators. Letting xmass be positional vector
of the mass, Lagrangian of the mass and spring actuators is formulated as

1
l T . T
E = §m wmass Lmass — (Usprings —mg wmass) + W

where g = [0, —g] ' represents gravitational acceleration vector. Letting

Lmass — (SC]‘ + uj)
[Zmass — (x5 + u; )|

e; =

we have 0d; /0% mass = €; and 0d; /Ou; = —e; (see Problem 1), which directly yield

1 1
9 (k‘d?) = k‘diei, i <2I€dz2> = —kdiei

O mass \ 2 Ou,;

Lagrange equation of motion of mass m is described as

8

mii—:mass = Z(fz - kdi)ez + mg
=1

The following additional force is applied to nodal point P;:

/
oL = _(fi — kdi)ei

8uj

Solving dynamic equations of motion and deformation with respect to un and ®yass, We
obtain the behavior of an elastic ring driven by spring actuators.

Let us simulate dynamic rolling of the ring on a floor. Rolling on the floor is described by
penalty method with tangential damping. Penalty method parameters are K, = 1000 N/ m,
B, = 0N/(m/s), and By = 20 N/(m/s). Figure 4.12 shows a snapshot of a computa-
tion result. The natural shape (Fig.4.12(a)) of the elastic ring deforms under gravity for
0.2s (Fig.4.12(b)). A pair of opposite spring actuators Ay and Ag apply shrinking force
of 5N for 1.8s (Fig.4.12(b) through (Fig.4.12(d)). After relaxing all spring actuators for
0.1s (Fig.4.12(d) through Fig.4.12(e)), another pair of opposite spring actuators Az and Ay
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(a) 0.0s (b) 0.2s (c) 0.3s (d) 2.0s

(e) 2.1s (f) 2.2s (g) 4.0s (h) 6.9s

(i) 7.0s G) 7-1s (k) 9.0s (1) 12.0s

Figure 4.12: Rolling of elastic ring driven by spring actuators

apply shrinking force of 5N for 4.8s (Fig.4.12(e) through (Fig.4.12(h)). After relaxing all
spring actuators for 0.1s (Fig.4.12(h) through (Fig.4.12(i)), a pair of opposite spring actu-
ators Ay and Ag apply shrinking force of 5N (Fig.4.12(i) through (Fig.4.12(1)). This result
demonstrates the elastic ring rolls rightward through its deformation caused by successive
activation of spring actuators: Ag and Ag, Az and Ay, then A4 and Asg.

4.5 Direct computation of Green strain based forces

Here we establish a procedure to directly compute nodal point forces based on Green strain.
Note that Green strain components are quadratic with respect to partial derivatives u,, u,,
Vg, Uy, resulting that strain potential energy is quartic with respect to the partial deriva-
tives. Thus, nodal force components based on Green strain are cubic. Let us derive cubic
polynomials of nodal force components.

We introduce the following operator ® to describe quadratic and cubic terms in vector
forms. Let ® = [x1, 72, -+, Z,, ]| be an m-dimensional column vector and y = [y1, ¥2,
-+, yn]" be an n-dimensional column vector. Let z ® y be an mn-dimensional column
vector defined as
1y
2y

TOyY= (4.5.1)

ImY

This operator is associative;  ©® (y © z) = (x ® y) ® z, but not commutative. Additionally,
we find

(a'z)(b'y)=(a0b) (xOy) (4.5.2)
(a'z)(bc'z)={baGc) }xoOy) (4.5.3)
(a'z)(y'bc'2)=(a0boc) (xOy O 2) (4.5.4)
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Note that £ ©y consists of quadratic terms z;y; and  © y © z consists of cubic terms x;y; 2,
suggesting that quadratic and cubic terms can be described in vector forms using operator
®. Recall that

oU,

8'yp = Py(M) + pl,)Ah E = (AAQ)P,INE + (uWAh)P, I, E

oU,

67” = Py(AM\ + pl,)Ah E = (AAR)P,ILE + (uAh)P, I, E
where

P,=[ 14uz)a ub (1+u;)b+uya |
Py=[ va (14+vy)b (1+vy)a+uvb |

We describe P,I\E, P,I,E, P,I\E, and P,I,FE in cubic polynomials and combine the
polynomials to obtain dU, /07, and OU,/07,.

Let us calculate the first, second, and third order terms of P, Iy E with respect to +, and
~». Note that

P,LE = {(1+uz)a+ uyb}(Eye + Eyy)

1
= (a+aum —|—buy) {um + vy + §(ui —I—vi —&—uf/ +v§)}

The first order terms are thus given by
ply =a(u, +v,) =aa’v, +ab'~,

Letting Yuu = Yu © Yus Yuv = Yu © Yos You = Yo © Yu, a0d Yy = Yo @ Yo, the second order
terms are

1
Px = (@t + buy) (e + vy) + Saful + 0l +uj + ;)
3 o 1 o L oo 1 o
50Uz + 5y + buguy + augvy + buyvy + 50Uz + 5y

1
— {“;’a(a ©a)’ + Fa(b© b)" +bla® b)T} Yuu

1 1
+{a(@a®b)’ +b(b®b) } v, + {2a(a ©a)’ + 5ab© b)T} Yoo
Letting Yuuu = Yu © Yu © Yu and Yuvv = Yu © Yo © Yo, the third order terms are

1
Pin = 5 (@us +buy) (2 + 02 + 2 +03)

1 1
= 5a,(ui + UpVF + Ugtil, + Ugv,) + ib(“yui + uy v + U + uyv))
1 1

=3 {a(ul + upul) + b(uyul +ul)} + 3 {a(uavl + uav)) + bluyvl + uyv)}

1
:5{a(a®a®a+a®b®b)T+b(b®a®a+b®b®b)T}‘)’uuu

1
+§{a(a®a®a+a®b®b)T+b(b®a®a+b®b®b)T}7uw
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Let us calculate the first, second, and third order terms of P, I, E with respect to 7y, and ~,.
Note that

P, E = (2a + 2auy)Eyy + 2buy By, + (b + bu, + auy) - 2E,,
The first order terms are thus given by

pi# = 2au, + b(uy + v;)
= (2aa’ +bb" )y, + ba',

The second order terms are given by

pfm = a(u? +v3) + 2au? + 2buyvy + b(uguy + vyvy) + (bug + auy)(uy + vs)
= 3aui + auz + 2bugzuy + buyvy + auyv, + 2buyvy + avfg + bugvy
={3a(a®a)'+aboOb)’ +2b(a®b) }yuu
+{blaca)" +adoa)’ +2b(bOb) }vu +{ala®@a)’ +bla®b) Iy,

The third order terms are given by
piu = aux(ui + vz) + buy(uz + vj) + (bug + auy) (ugty + vy0y)
= aui + auwvi + buz + buyvi + buiuy + bugvgvy + auZuw + AUy Uy Uy

={ala®aca+boboa) +bbObOb+a®a®b) M
+{a(acaca+boboa) +bbobob+a®a®b) Jvuw

Let us calculate the first, second, and third order terms of P,IyE with respect to 7, and
~». Note that

P,LE = {vza+ (1 +vy)b}(Ezz + Eyy)

1
= (b+ avgy + buy) {um + oy + i(ui + 02 —l—ui +v§)}

The first order terms are thus given by
pyy = blug +0,) = ba'y, +bb',

The second order terms are

1
piy = (av, + bvy ) (ug 4 vy) + ib(ui + 02 + uf/ + “;)

1 1 3 1
= §buz + §bui + bugvy + augvg + §bv§ + §bvi + avyv,

- {b(b ob)T + %b(a o) a)T} Yuu + {bl@a®b)" +ala®a)} v,

i

N W N =

b(bob)" + %b(a ®a) +abo a)T} Yo
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Letting Youu = Yo © Yu © Yo a0d Yppo = Yo © Yo © Yo, the third order terms are

1
Pox = 5 (@0, + bvy) (ug + 07 + 1y + v)

1
§a(kui + 03 + vmufl + vxvz) + §b(vyui + v, 02 + vyuz + vg)

1 1
3 {a(v,u + Umuz) + b(vyuZ + UyuZ)} + 3 {a(vi+ %vi) + b(vyv2 + vg)}

1
:5{a(a®a®a+a®b@b)T+b(b®a®a+b®b®b)T}%uu

1
+5{e@0acatacbob) +bboacatboboOb) |y

Let us calculate the first, second, and third order terms of P,I,E with respect to v, and «,.
Note that

P,I,E =2av,E,, + (2b + 2bvy)E,,, + (a + bu, + avy) - 2E,,
The first order terms are thus given by
pqlm = 2bvy + a(uy + v;)
=ab'y, + (2bb" +aa’)v,
The second order terms are given by

piu = 2au v, + b(uz + vg) + 2bv,§ + a(uzuy + vevy) + (bug + avy)(uy + vy)
= buz + auyuy + auyvy + buyv, + 2auzv, + 3bv§ + bvi + 2avyv,
={b(bob)" +ab®a) }yuw+{adob) +bboa)’ +2a(a®a) Iy,
+{3b(bob) +bla®a)’ +2a(boa) }yu

The third order terms are given by

pf’m = avz(ui + vfc) + bvy(uz + vz) + (bvg + avy)(uguy + vovy)
= av,u + avd + bvyuf/ + bvz’ + buguguy, + by, + avyuyu, + avivx
={a(a®a®a+boboa) +bbObOb+a®a®b) }Vuu
+{a(a®aca+boboa) +bbeObOb+a®a®b) }yuw

Based on the above results, we can describe partial derivatives 0U, /07, and 0U, /07, in
polynomial forms. Note that

ou,

y = (ALR) (P + Doy + Piy) + (uAR)(py,, + Doy + D) (4.5.5)
U,
6,7” = (ALR)(pyy + Doy + Poy) + (LAR) (DY, + Doy, + PY,) (4.5.6)

Let us introduce 3 x 3 matrices Ay, AY, BY, and BY defined by

aa' ab’ 2aa’ +bb" ba'

] = AAh [ baT bb } +“Ah{ ab’  2bbT +aa”

[N~}

[ Ay Ay (4.5.7)

By B}
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Let us introduce 3 x 3* matrices AY ;, A7 ,, AS,, BY |, B 5, and Bj, defined by

where

and

P P P
A1,1 A1,2 A2,2
P P p
B1,1 B1,2 B2,2

P, A Dy A
Czh)\,l 02;71)\,2
P, P
G591 Chla

P, 1 P, L

+/JAh |: C'2;1,1 02;1,2
P, K P L

C(2;2,1 02; 2,2

]:)\Ah

2
_y
T

I

a(aca)’ + %a(b ob)" +blaob)’
(@b +bbob)’

Q
SIS

82
=y
w [V
Il
S oI, R W

=3

alaca)’ + %a(b ob)’

1
Chpy = 3b(bOb)" + Jbaca)’
Chry=baob) +alaca)’
3 1
335 = 5b(bob) +blava) +aboa)’

Chti=3a(a®a)’ +abob)’ +2b(@aob)’
Chty=bla®a)’ +aboa)’ +2b(bob)"
Chis=ala®a)’ +bla®b)’
Chii=bbob)’ +abdoa)’
Cyy9=a(bo b)" +bboa)’ +2a(a®a)’
ChLy=3b(bob) +blaca) +2a(boa)’

D; A
02; 1}\,3
P,
02; 2,3
Py 1
CZ; 1,3
P, B
02; 2,3

Let us introduce 3 x 3% matrices C? and C% defined by

where

[CF ey )=aan[ cpr opA | +usn| bt bt ]

1
Cgv*:Q{a(a@a@a—ya@b@b)T—i—b(b@a@a—i—b@b@b)T}
' =al@caca+boboa) +bbobobtacamb)’

|
|

(4.5.8)

(4.5.9)

Partial derivatives OU,/07, and 0U,/0~, corresponding to triangle T, are then described

as follows:
ov,
67” = Avu + A5y + AL 1 Yuu + AT 9Yuw + AL 5Yor + CTYuuu + C5Yuvo
u
oU,
87p = leo%i + Bg')/v + Bfﬂ’uu + Bf,z’)'uv + Bga’)’vv + Cf7vuu + Cg')’vvv
v

(4.5.10)

(4.5.11)

Note that v, and ~, are three-dimensional, Y., Yuv, and v, consist of 32 components, and

’Yuuua

Yuvvs Youw, 30d Yuue have 33 components.
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Let ¢, = [u1, uz, -+, un]" and ¢, = [v1, va, ---, un ]| be collective vectors of displace-
ment components. Collective vectors corresponding to quadratic terms are ¢, = ¢y © Cy,
Cuy = Cy © Cy, Cyy = Cy O ¢y, and ¢,y = ¢, © ¢,. Collective vectors corresponding to cubic
terms are Cyyy = CuOCyOCy,; Cuvy = CuOCyOCy, Cyuy, = CyOCLOCy, and Cypy = €, OC,OC,.
Synthesizing above equations over all triangles yield partial derivatives U /d¢, and 9U /e,
described as

ou

87 = Alcu + AQCv + Al,lcuu + Al,QCuv + A2,20m) + Clcuuu + OQCum; (4512)
[

ou

9 = Blcu + BQCU + Bl,lcuu + Bl,QCuU + BQ,QCUU + Clcvuu + CQC'UU'U (4513)
Cy

where

A =4, B=pB, C=Fc, (=12 (4.5.14)
p p p

Ay =PAr;, Biyi=@ B, (i.j)=(1,1),(12),(2.2) (4.5.15)
p p

Operator @ calculates total coefficient matrices by synthesizing coefficient matrices at indi-
vidual triangles.

Note that coefficient matrices A;, B;, A;j, B;j, and C; can be computed in advance.
Then, we can calculate Green strain based nodal force vector by eqs. (4.5.12)(4.5.13), which
consist of simple vector/matrix operations.

Implementation One barrier to implement the above calculation is memory consumption.
Let n, be the number of nodal points. Collective vectors for quadratic terms €y, Cyv, and
Cyp are nf,—dimensional and collective vectors for cubic terms Cuuu, Cuvvs Couu, AN Cyyy are
ng-dimensional. Then, we find that A; and B; are n, X n, matrices, A4; ; and B; ; are n, X ni
matrices, and C; and Cs are n, x n> matrices, which consume excessive memory. Here we

P
reduce dimensions of collective vectors to prevent excessive memory consumption.

Recall that total strain potential energy is the sum of strain potential energies at individ-
ual triangles, implying that quadratic and cubic terms originate from triangles. This implies
that quadratic term u;u; appears if there exists a triangle that involves both P; and P;, and
that cubic term w;ujuy, appears if there exists a triangle that involves all P;, P;, and Py.
In other words, quadratic term u;u; does not appear if no triangles involve both P; and P;,
and cubic term wu;u;u, does not appear if no triangles involve all P;, P;, and P;. We can
eliminate such non-existing terms and their corresponding columns of coefficient matrices.
For example, when no triangles involve both P; and P, column of matrix A ; corresponding
to u;u; can be eliminated. Similarly, when no triangles involve all P;, P;, and Py, column
of matrix C corresponding to w;ujuy can be eliminated. Such elimination yields compact
collective vectors and compact coefficient matrices.

Let us take a simple example of rectangle region (0P;P3PgP4 shown in Fig.2.2. In this
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example, vectors ¢, Cyy, and €y, are described as follows:

r B U1uUIUL
U1
U UL UL U2
1U2
wi UrULUg
1Ug
U1 U U2UY
U2 H2t U1 UU2
us3 U2tz UL ULU
Cy = Uy ) Cyu = UU3 ) Cyuu = 1t2%4
U1U4UL
us H2ta U UL U2
Ue U2Us UrUqaUyg
UeUs '
- - UeUsU6

Note that suffices appear in lexicographic order. Quadratic term wjus is not involved in ¢y,
as no triangles include both P; and P3. Cubic term wjusus is not involved in €y qq as no
triangles include all P, Py, and Ps. Dimension of vector ¢y, is 24, which is less than 62,
and dimension of vector €y, is 84, which is less than 62. Let n., and n; be the numbers of
edges and triangles. Noting that n, = 6, n. =9, and n; = 4 in this example, we find that
np + 2n. = 24 and n, + 6n, + 6n; = 84 (see Problem 3). Other collective vectors can be
described in these compact forms. Then, coefficient matrices can be described in compact
forms: A; and B; are 6 x 6 matrices, A; ; and B; ; are 6 x 24 matrices, and C; and Cs are
6 x 84 matrices.

Let c2i and c2j be vectors consisting of the first and second suffices of quadratic terms in
Cuy: €21 =[1,1,1,2,2,2,2,2 ---,6]" and c2j =[1,2,4,1,2,3,4,5,---,6]". Then,
collective vectors for quadratic terms are calculated by ¢y, = ¢,(c21) .* ¢,(c2j), Cup =
cu(c21) .* ¢,(c2j), and ¢,y = €,(c21) .* ¢,(c2j). Letting c3i, c¢3j, and c3k be vectors
consisting of the first, second, and third suffices of cubic terms in ¢yyy: €31 = [1, 1, 1, 1,
L,1,1,1,1,---,6]", ¢35 =[1,1,1,2,2,2,4,4,4,---,6]", and c3k = [1,2,4, 1, 2, 4,
1,2,4,---,6]T, collective vectors for cubic terms are calculated similarly such as ¢,y =
¢, (€31) .* ¢, (c3j) . * ¢, (c3k) and ¢y = €, (c31) . * ¢,(c3j) . * ¢, (c3k).

Let us describe pairs and triplets of suffices by (n, + 1)-base numbers. In this example,
a pair of suffices 7 and j is described by a 7-base number 7i + j. Vector id2 consists of these
numbers. Finding number 7¢ + j in vector 1d2 yields the row number in collective vector ¢,
corresponding to quadratic term u;u;. A triplet of suffices 4, j, and k is described by a 7-base
number 7% 4+ 7§ 4+ k. Vector id3 consists of these numbers. Finding number 72i + 75 + k
in vector id3 yields the row number in collective vector ¢, corresponding to cubic term
Ui U UL

Let us demonstrate how operator & in eqs. (4.5.14)(4.5.15) works in this example. Recall
that matrix 021;’ {\71 originates from triangle T;, which consists of three nodal points Py, Po,

and P4. We find matrix 021;’1)‘7 1 is a 3 x 9 matrix given by

-6 3 3 5 -3 -2 1 0 -1
= — 4 -3 -1 -3 3 0 -1 0 1
2 0 -2 -2 0 2 0 0 0

Columns are related to quadratic terms wyuy, uiuo, UiUg, UsUy, UsUs, UslUg, Ugli, Usls,
and uquyg, which correspond to the 1, 2, 3, 4, 5, 7, 13, 14, and 15-th elements of collec-
tive vector c¢y,. So, the column vectors of C;;f:l contribute to the 1, 2, 3, 4, 5, 7, 13,
14, and 15-th columns of the total coefficient matrix. Column numbers in the total co-
efficient matrix can be obtained by finding the 7-base number corresponding to quadratic
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terms in vector id2. Matrix Cé’ ’\7 which corresponds to triangle Ty, is a 3 x 27 matrix.
The first, second, and third columns are corresponding to wjujui, uiuius, and ujuiuy.
So, these column vectors of C’; 'A contribute to the first, second, and third columns of the
total coefficient matrix. Column numbers in the total coefficient matrix can be obtained
by finding the 7-base number corresponding to cubic terms in vector id3. Method cal-
culate_coefficient_matrices_for_Green_strain of class Body prepares coefficient matrices
Ai, Bi, Aij, B;j, and C; in compact forms and vectors c2i, ¢2j, ¢3i, ¢3j, and c3k for
calculating compact collective vectors.

Problems

1. Let x and y be independent vectors, d = ||y — ||, and

y—x
d

Show 0d/0y = e and dd/0x = —e.

e =

2. Simulate the dynamic behavior of an elastic ring rolling on a flat floor based on Cauchy
strain. Compare the result with computed result based on Green strain.

3. Explain why dimension of compact collective vector ¢, is equal to n, + 2n.. Explain
why dimension of compact collective vector cyy. is equal to n, + 6ne + 6n;.

4. Observe how tangential damping coefficient By affects dynamic behavior of an elastic
ring rolling on a flat floor.
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