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Abstract

A new approach to the construction of virtual rheological objects is presented. Construction of virtual
rheological objects has not been studied yet though various objects in real world show rheological nature in
their deformation. Therefore, a method to construct
virtual rheological objects according to actual objects
is required to improve the reality in a virtual world.
First, we will select rheological elements appropriate for virtual rheological objects. Next, we will investigate the structures of virtual rheological objects.
Then, we will establish a method to identify model parameters through the measuring of actual rheological
objects. Finally, we will show the constructed virtual
rheological objects.

1

(a) natural shape

(c) viscoelastic
Figure 1:

(b) deformed shape

(d) plastic

(e) rheological

Viscoelastic object, plastic object, and
rheological object

Introduction

In virtual reality, virtual objects should be constructed in a virtual world. Virtual objects must react
against actions applied to the objects. It is thus necessary to compute the reactions such as the motion and
the deformation of virtual objects according to the actions including forces and displacements applied to the
objects. Namely, the construction of virtual objects
requires physical models of objects, which determine
the relationship between actions and reactions.
Object deformations can be categorized 1) viscoelastic deformation, 2) plastic deformation, and 3)
rheological deformation. Construction of virtual viscoelastic objects has been studied extensively [1, 2].
Recently, construction of virtual plastic objects has
been investigated [3, 4]. On the other hand, construction of virtual rheological objects has not been
studied yet though various objects in real world show
rheological nature in their deformation. Rheology has
been studied for past several decades and fruitful results have been obtained [5]. Unfortunately, rheology
focuses on material properties, say, one-dimensional
deformation instead of 2D or 3D deformation of rheological objects.
In this article, we will develop a systematic method
to construct virtual rheological objects. First, we will
summarize the properties of rheological deformation.
Second, we will select rheological elements appropriate for the construction of virtual rheological objects.

Next, we will investigate the structures of virtual rheological objects. It is required to identify parameters
in physical models according to actual rheological objects. Thus, we will establish a method to identify
model parameters via deformation measuring. We will
then show the constructed virtual rheological objects.

2

Rheological Objects

Objects deform according to forces applied to the
objects. Objects can be categorized into three with
respect to their deformation characteristics. Assume
that a natural shape of an object is given as Figure 1(a). Applying external forces on the object, the object
deforms as illustrated in Figure 1-(b). Let us release
the applied force and examine the stable shape after
the release. Deformation of viscoelastic objects is completely lost and their stable shape coincides with their
natural shape, as illustrated in Figure 1-(c). Namely,
viscoelastic objects have no residual deformation. Deformation of plastic objects completely remains and
their stable shape coincides with their deformed shape
under the applied force, as shown in Figure 1-(d).
Namely, plastic objects have no bouncing deformation. Objects with residual deformation and bouncing
deformation are referred to as rheological objects. Deformation of rheological objects is partially lost after
the applied forces are released, as illustrated in Figure

1-(e). Various objects including foods and tissues are
categorized into rheological objects.

3

Model Building of Virtual Rheological Objects

3.1

Selection of Rheological Elements

Rheological objects deform according to forces applied to the objects. The relationship between applied
forces and object deformation must be described in a
physical model. Let us introduce an elastic element
and a viscous element so that a physical model can
describe the time-dependent deformation of a rheological object. Various deformation properties are then
described by the combinations among the two fundamental elements, as listed in Figure 2. These combinations are referred to as rheological elements. Then,
we have to select rheological elements appropriate for
virtual rheological objects.
Recall that deformation properties of a rheological
object are summarized as follows:
• residual deformation is involved.
• bouncing displacement is involved.
• vibrations decrease.
Let us examine whether individual rheological elements listed in Figure 2 satisfy the ﬁrst condition. Let
us investigate a rheological element consisting of serially connected two elements. If either of the two has
residual deformation, the connected element has residual deformation as well. If both of the two have no
residual deformation, the connected element has no
residual deformation. These inferences are summarized in Table 1-(a). Let us investigate a rheological
element consisting of parallel connected two elements.
If both of the two have residual deformation, the connected element has residual deformation. If either of
the two has no residual deformation, the connected element has no residual deformation. These inferences
are summarized in Table 1-(b). Note that a viscous
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Figure 2: Rheological elements

Table 1: Inferring rules of residual deformation
serial
residual
non-residual

residual
residual
residual
(a) serial

non-residual
residual
non-residual

parallel
residual
non-residual

residual
residual
non-residual
(b) parallel

non-residual
non-residual
non-residual

Table 2: Inferring rules of bouncing deformation
serial
bouncing
non-bouncing
parallel
bouncing
non-bouncing

bouncing
bouncing
bouncing
(a) serial

non-bouncing
bouncing
non-bouncing

bouncing non-bouncing
bouncing
bouncing
bouncing non-bouncing
(b) parallel

element has residual deformation while an elastic element has no residual deformation. Thus, we can determine whether a given rheological element has residual deformation or not using Table 1. It has turned
out that rheological elements shown in Figure 2-(b),
(d), (f), (g), (h), (j), and (k) have residual deformation
while the other elements have no residual deformation.
Let us examine whether individual rheological elements listed in Figure 2 satisfy the second condition.
Let us investigate a rheological element consisting of
serially connected two elements. If either of the two
has bouncing deformation, the connected element has
bouncing deformation as well. If both of the two have
no bouncing deformation, the connected element has
no bouncing deformation. These inferences are summarized in Table 2-(a). Let us investigate a rheological element consisting of parallel connected two elements. If either of the two has bouncing deformation,
the connected element has bouncing deformation as
well. If both of the two have no bouncing deformation, the connected element has no bouncing deformation. These inferences are summarized in Table 2-(b).
Note that an elastic element has bouncing deformation
while a viscous element has no bouncing deformation.
Thus, we can determine whether a given rheological
element has bouncing deformation or not using Table 2. It has turned out that all rheological elements
shown in Figure 2 have bouncing deformation.
Let us examine whether individual rheological elements listed in Figure 2 satisfy the third condition.
Note that parallel connected elements in a rheological

element have the same displacement. Thus, a set of
elements which have the same displacement is referred
to as a part of a rheological element. One rheological
element can be regarded as a series of some parts. If
a part involves viscous elements, any vibration on the
part converges to zero. On the other hand, vibration
on a part consisting of elastic elements alone oscillates
and does not converge to zero. Thus, we ﬁnd that all
parts must involve viscous elements to satisfy the third
condition. It has turned out that vibration converges
to zero for rheological elements shown in Figure 2-(a),
(d), (e), (f), (g), (i), and (k) while vibration remains
for the other rheological elements.
From the above discussion, we ﬁnd that rheological
elements shown in Figure 2-(d), (f), (g), and (k) satisfy
the three conditions. Virtual rheological objects requires simpler elements to improve the response of the
objects. Rheological elements in Figure 2-(d) and (f)
consist of the least number of fundamental elements.
Thus, either of the two is appropriate for constructing
virtual rheological objects. In this article, we will use
a rheological element shown in Figure 2-(d).

3.2

Formulation of Rheological Elements

Let us formulate a rheological element shown in
Figure 2-(d). It has pointed out that linear rheological elements have a diﬃculty in describing the
deformation of actual rheological objects and forcedependent nonlinear dampers should be introduced
to tackle this diﬃculty[6]. Thus, we will introduce a
force-dependent damper in the rheological element, as
illustrated in Figure 3. This rheological element consists of two parts; the left part is a linear Voigt model
and the right part is a force-dependent damper, which
has residual deformation. Let Pi and Pj be two end
points of the rheological element. Let xi = [xi , yi , zi ]T
be coordinates of point Pi . Length of the Voigt part in
the element is denoted as pij and its natural length is
given by p0ij . Length of the force-dependent damper in
the element is then described by qij = xi −xj  −pij .
State variables of this rheological element are xi , ẋi ,
and pij . Let eij be a unit vector along PiPj , say,
eij = (xi − xj )/  xi − xj . Let f ij be a force
at point Pi exerted by a rheological element between
point Pi and Pj . Note that force f ij coincides with
the force caused by the Voigt part, that is,
f ij = {−c1 ṗij − k1 (pij − p0ij )}eij .

(1)

Also, force f ij coincides with the force caused by the
force-dependent damper, that is,
f ij = −c2 q̇ij eij .

(2)

Let mi be mass of point Pi . The equation of motion
at point Pi is then described as follows:

mi ẍi =
f ij + f ext
(3)
i ,
j∈Ai

where Ai is a set of points connecting with point Pi
and f ext
is the resultant external force applied to point
i

k1

C2(f)

C1

Figure 3:

force f

Rheological element with
force-dependent damper

element
mass

(a)

(b)
pressure

(c)
Figure 4:

(d)

Model structures of virtual rheological
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Pi . Solving eqs.(1), (2), and (3), we can compute the
deformation of a rheological object.

3.3

Model Structures

In order to describe 2D or 3D deformation of rheological objects, we have to construct 2D or 3D structures using rheological elements. In this section, we
will investigate model structures for massive rheological objects.
We will introduce lattice structures to describe 2D
or 3D deformation of rheological objects. Lattice
structures consist of masses and rheological elements
among the masses. One basic structure is illustrated in
Figure 4-(a), where rheological elements are arranged
vertically and horizontally. Unfortunately, this structure is inappropriate since it cannot retain its own
shape. Thus, we have to introduce diagonal elements
as illustrated in Figure 4-(b) or have to introduce
inside pressure as illustrated in Figure 4-(c). Structure with diagonal elements shows more uniform deformation characteristics than other structures shows.
Structure with inside pressure keeps the volume of a
rheological object as possible while the structure can
change its shape according to external forces. Figure
4-(d) shows a structure with diagonal elements and inside pressure. As mentioned above, individual models
have their own properties. Thus, the model structure
should be selected through the measurement of 2D or
3D deformation of actual rheological objects.
Let us formulate inside pressure using Figure 5.
Let V0 be the initial volume of a region composed of
points Pi , Pj , Pk , and Pl , as illustrated in Figure 5(a). Let P0 be the initial pressure inside the region.
Note that the inside pressure is in equilibrium with
the outside pressure at the initial state. Let V be the
volume of the region at a deformed shape and P be
the pressure inside the region. Applying Boyle law,
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Figure 6: Measured displacement of object

we have P0 V0 = P V . Namely, inside pressure is given
by P = (P0 V0 )/V . Note that P0 V0 is a predeﬁned
constant and V can be computed from coordinates xi ,
xj , xk , and xl . Thus, we can compute the inside pressure P at individual regions for any deformation of a
rheological object. Force (P − P0 )lij is exerted on a
boundary area Pi Pj . Let us distribute this force to the
end points of the area, say, Pi and Pj , as illustrated
in Figure 5-(b). This implies that force (P − P0 )lij /2
outwardly perpendicular to area Pi Pj is exerted on
two end points, Pi and Pj . Summing these forces, we
can obtain resultant forces caused by inside pressure
at individual points.

Identification of Physical Properties
in Virtual Rheological Objects

In this section, we will identify physical parameters in a rheological element through a creep test on
actual rheological objects. Here, we will derive parameters in a rheological element shown in Figure 3. Note
that parameters to be identiﬁed are k1 and c1 in the
Voigt part and function c2 (f) in the force-dependent
damper.
In a creep test, a constant load is applied to the
top face of an object. The height of the object are
measured during the test. Note that force in a discrete
model is equivalent to stress in an actual continuous
object. Thus, we will compute stress applied to an
object from the measurements. Let S(t) be area of
the top face of the object and h(t) be the height of
the object at time t. Let S0 and h0 be their initial
values, which can be measured in advance. Let W
be load applied to the object during the creep test.
Assuming that the volume of a rheological object is
constant, we have S(t)h(t) = S0 h0 . Stress P (t) is
deﬁned as P (t) = W/S(t). These equations yield
P (t) =

W
h(t).
S0 h0

40

30
0

20

40
Time[sec]

60

Figure 7: Computed stress applied to object
to load 50gf . Substituting the measured displacement
shown in Figure 6 into eq.(4) yields stress P (t) during
the creep test. Computed stress P (t) is plotted in
Figure 7.
A rheological element shown in Figure 3 consists
of a Voigt part and a force-dependent damper. After
the applied load is released, damper coeﬃcient in the
force-dependent damper takes a large value since a
force applied to the damper is almost equal to zero.
This implies that the deformation after the load is
released is mainly governed by the Voigt part. Let tr
be the time when the load is released and Pr be stress
at this time. Then, bouncing displacement after the
load is released is described as follows:

Pr 
1 − e−(k1 /c1 )(t−tr ) .
(5)
x(t) =
k1
From Figure 7, it turns out that stress Pr is equal to
28gf/cm2 . Figure 8 shows the bouncing displacement
after time tr . Applying least square error method to
derive k1 and c1 , we have found that k1 = 470gf/cm3
and c1 = 2500gfs/cm3 . Computed bouncing displacement corresponding to these values is plotted by a dotted line in Figure 8.
Next, let us identify a force-dependent damper. It
is necessary to compute stress P (t) applied to the

(4)

Note that the right side of the above can be evaluated
from measured values. Consequently, we can compute
stress applied to an object using eq.(4).
A cubic object of 1.0cm in length which consists of
a 3:1 mixture of wheat and water is used in a creep
test. Constant load of 10gf , 30gf , 50gf , 70gf , or 90gf
is applied to the cubic object for 60 seconds before
the load is released. Figure 6 shows the measured
displacement of an object in a creep test corresponding

0
Displacement[cm]

4

Stress[gf/cm2]

50

-0.02
-0.04
-0.06
70

80

90
100
Time[sec]

110

120

Figure 8: Measured bouncing deformation
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damper and velocity v(t) of the damper before time tr
to identify a force-dependent damper. Note that displacement of the Voigt part can be computed using the
identiﬁed values of k1 and c1 . Subtracting displacement of the Voigt part from the measured displacement plotted in Figure 6 yields the displacement of a
force-dependent damper. Velocity v(t) of the damper
can be computed by diﬀerentiating its displacement.
Damper coeﬃcient c2 (P ) is then obtained by dividing
pressure P (t) by velocity v(t). The obtained c2 (P ) is
plotted in Figure 9. Function c2 (P ) is then assumed
as follows:

 αe−βP0 (P ≤ P0 )
αe−βP (P0 ≤ P ≤ P1 )
(6)
c2 (P ) =

αe−βP1 (P1 ≤ P )

(a) initial shape

(b) deformed shape
Figure 10: Deformation of wheat dough

where α, β, P0 , and P1 are parameters specifying the
function. Applying least square error method, we have
found that α = 8.16 × 104 gfs/cm3 , β = 0.0815, P0 =
9.0gf/cm2 , and P1 = 80gf/cm2 .

5

Simulation and Experimental Evaluation

In this section, we will demonstrate virtual rheological objects and will evaluate the object by measuring
3D deformation of actual rheological objects.
Figure 10 shows a measured deformation of a rheological object. The object consists of a 3:1 mixture of
wheat and water, which is used in Section 4. The object is 5cm in length, 5cm in width, and 3cm in height.
A plate of 1cm in width, which is installed on the endpoint of a manipulator, is pressed against the top face
of the object. The plate moves downward with velocity 1cm/s until it reaches 1cm below the top face of
the object. Then, the plate remains there for 30 seconds and moves upward until the contact between the
plate and the object is released. Figure 10-(a) shows
an initial shape of the object and Figure 10-(b) describes a deformed shape in a stationary state. Note
that side faces expand at the deformed shape.
Figure 11 shows a computed deformation of a virtual rheological object. This simulation emulates the
deformation shown in Figure 10. Physical parameters
of the object are identiﬁed ones in Section 4. This simulation employs a structure with diagonal elements.
Note that side faces expand as the faces of an actual
object expand. The expansion of a virtual object is,

Figure 11: Simulated deformation of wheat dough
however, quite smaller than that of an actual object.
This implies that we should select a model structure
appropriate for describing the deformation of actual
rheological objects.
Let us demonstrate the deformation corresponding
to diﬀerent model structures. Figure 12-(a) shows 2D
deformation computed by use of a structure with diagonal elements. Figure 12-(b) shows the deformation
using a structure with inside pressure. Figure 12-(c)
describes the deformation using a structure with diagonal elements and inside pressure. It turns out that
expansion in Figure 12-(b) and (c) is larger than that
in Figure 12-(a), which is used in the above simulation.
Moreover, the shape of expanded side faces in Figure

(a) diagonal elements

(b) inside pressure
(a) measured distance image

(c) diagonal elements and inside pressure
Figure 12:

Simulated deformation corresponding
to diﬀerent model structures

(b) constructed 3D shape
Figure 13: Measured 3D shape of rheological object

12-(b) is more similar to the shape of side faces shown
in Figure 10-(b). Consequently, we have concluded
that a structure with inside pressure is appropriate
for constructing virtual rheological objects.
Identiﬁcation of physical parameters in a virtual
rheological object with inside pressure requires the realtime 3D measuring of object deformation. Shapes
during object deformation can be captured using a realtime range ﬁnger, CKD CubicScope QSC-100. This
range ﬁnder can obtain one distance image in 0.3 sec.
Shapes during a deformation process are computed
from individual distance images. Figure 13-(a) provides a distance image of a deformed rheological object. A cross-shaped rigid object is pressed against the
top face of the rheological object. Figure 13-(b) shows
a 3D shape constructed from the distance image. As
shown in the ﬁgure, the range ﬁnder can detect the expansion of side faces of a rheological object. As illustrated in Figure 12, expansion of side faces depends on
the model structure of a virtual rheological object and
physical parameters. This suggests that measuring the
expansion enables us to select a model structure and
physical parameters appropriate for describing the deformation of an actual rheological object.

6

Concluding Remarks

We have developed a method to construct virtual
rheological objects. First, we have selected rheological
elements appropriate for describing the deformation of
rheological objects and have investigated their model
structures. It turns out that three-element model with
a force-dependent damper is appropriate. Second, we
have established a method to identify model parameters in the element. Then, we have measured the
deformation of actual rheological objects to compare
them with the deformation of virtual rheological objects. We have found that the deformation of rheological objects can be described but that the expansion

of a virtual object diﬀers from that of an actual object. Simulation results have suggested that model
with inside pressure should be introduced to virtual
rheological objects.
Future issues include 1) constructing virtual rheological objects with inside pressure, 2) identiﬁcation
of their physical parameters, and 3) development of a
virtual reality system which can present tactile sensation of rheological objects to humans.
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