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Modeling and Parameter Estimation of Rheological

Objects for Simultaneous Reproduction of
Force and Deformation

Zhongkui Wang
Advisor: Prof. Shinichi Hirai

Abstract

There are many deformable objects in our living life demonstted rheolog-
ical behaviors, such as human organs and tissues, potterietays, and various
food products. Many applications has been involved, incliy computer aided
surgery, robotics, and food automation. Rheological objebas both elastic and
plastic properties. Due to the presence of residual defortan, it is dicult
to model rheological objects, especially to reproduce botheological force and
residual deformation simultaneously.

This thesis aims at modeling and parameter estimation of rledogical ob-
jects for simultaneous reproductions of both rheologicabfce and deformation.
Physically-based models were rstly investigated for desbing rheological be-
haviors and were summarized into two groups: serial and pdlel models. Gen-
eralized constitutive laws of both groups were formulatedAnalytical expressions
of rheological forces and residual deformation were derivéor parallel models.
We found a contradiction between the reproductions of rheagjical force and de-
formation. To solve this problem, a dual-moduli viscous eteent was introduced.

2D and 3D FE dynamic models were developed and then extendea deal
with non-uniform layered objects and contact interaction bBtween objects as well.
Criterions for detecting the contact moment were establigd. In addition, to
cover large deformation and deformation with rotation moton, FE model with



nonlinear Green strain tensor was developed and simulatioesults were presented
as well.

Methods for estimating the parameters involved in the FE moel were pro-
posed based on nonlinear optimization, which aims at miniing the di erence
between simulation (or calculation) results and experimeal measurements. Ba-
sically, two ideas were investigated. One is based on iten& FE simulation and
the other is based on the straightforward calculation of rheogical forces by tak-
ing the advantages of parallel structure of the physical madl We have tested
both methods for estimating the parameters of our FE model.

Various compression experiments with commercial availabtlay and Japanese
sweets materials were performed. During the experimentgr€e data and images
of deformed shapes were recorded and used to estimate thegbgl parameters of
both materials. The estimated parameters and the proposedmodels were then
used to reproduce these experimental behaviors. Finallyy lising our FE model
and parameter estimation method, we successfully reprodaet both rheological
forces and deformation behaviors simultaneously.
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Chapter 1

Introduction

1.1 Modeling of Deformable Objects

There are many deformable objects in our daily life, such asuman organs and
tissues, pottery, clay, and various food products. Modelgnand simulation of such
deformable objects has been studied for over 20 years and mapplications have
been involved, including computer aided surgery, food autmation, and robot
manipulation. In our de nition, deformable objects were raghly divided into
three categories (Fig.1.1): elastic object, in which the deformation is completely
reversible; plastic object, in which the deformation is copietely maintained; and
rheological object, in which the deformation is partially eversible.

i

(b)

© (@) ©)
Figure 1.1: Categories of deformable objects. (a) Originahape before pushing.

(b) Deformed shape during manipulation. (c), (d), and (e) Disrmed shape after
releasing. (c) Elastic object. (d) Plastic object. (e) Rhdogical object.
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1.1 Modeling of Deformable Objects

E
e L b
(@) (b)
E E,
Cy —° Cq1 —0
()
(©) (d)

Figure 1.2: Widely used physically-based models: (a) the Maell model, (b) the
Kelvin-Voigt model, (c) the Lethersich model, and (d) the Bugers model.

Early work on the modeling of deformable objects can date bado Ter-
zopouloset al. (1987 and Terzopoulos & Fleische(198§. They have shown the
advantages of physically-based models over kinematic mdgléor computer ani-
mation and have proposed several physically-based modeisgimulating inelastic
deformation. Generally, a physically-based model consisof a nite numbers of
elastic and viscous elements connected in a certain con gion. Some famous
physically-based models, such as the Maxwell modéethe Kelvin-Voigt model?,
the Lethersich model, and the Burgers modél (Fig. 1.2), were often used to de-
scribe the behaviors of deformable materials. In convential material tests,e.g,
force relaxation and creep recovery tests, one-dimensibiiD) models were used
to describe the behaviors of materials. However, along withe developments of
computer, we are able to reconstruct an object with two-dimesional (2D) and
three-dimensional (3D) geometry to achieve more realist&imulation behaviors
of deformable objects.

The most popular methods for 2D and 3D modeling of deformabbjects are
the mass-spring-damper (MSD) methodWaters (1987] and the nite element
method (FEM) [Cotin et al. (1996]. The MSD method has been used to simulate
cloth animation [Bara & Witkin (1998], facial expressionsKahler et al. (2001,
and the deformation of a myoma (pathology)Llioyd et al. (2007], respectively.

1t was introduced by J. C. Maxwell in 1867.

2It was rstly introduced by L. Kelvin in 1875 and later by W. Vo igt in 1889.
31t was rstly introduced by W. Lethersich in 1942.

41t was rstly introduced by J. M. Burgers in 1935.
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1.1 Modeling of Deformable Objects

The MSD method has the advantage of conceptual simplicity anrelatively low
computation costs. However, the formulation of MSD method &s not based on
continuum mechanics and the simulation accuracy is quitentited. Therefore, a
nite element (FE) model has been used as a reference to caite MSD model
based on genetic algorithm optimization Bianchi et al. (2004] and analytical
expression LLioyd et al. (2007)], respectively.

The FE method has proven to be a powerful tool for simulating amplex
behaviors of deformable objects. In FE formulation, an ob@t is described by
a set of elements €.g, triangles in 2D case and tetrahedrons in 3D case). The
dynamic behaviors of the object are then determined by anaing the behaviors of
individual elements. In recent years, many commercial FE #wares are available
and more and more researchers have been using FE method initlagplications.
The FE method has been widely used in computer-aided surgety simulate the
deformation behaviors of biological organs and tissues,cbuas porcine liver Ahn
& Kim (2010], human skin Bischo et al. (2000], liver [Nava et al. (2008], and
uterus [Kauer et al. (2002)]. It currently also was employed to model some surgical
operations, such as needle insertionding et al. (2007] and soft tissue cutting
[Mendoza & Laugier(2003]. FE method is based on continuum mechanics and
does not su er from geometry problems. But, it is quite timeeconsuming. In order
to speed up FE simulation, matrix condensation technologyfo-Nielsen & Cotin
(1996] and fast FEM [Bro-Nielsen(1998] have been proposed. Current parallel
calculation architecture, such as graphics processing ugGPU), also has been
investigated by Taylor et al. (2009. In addition, to achieve real-time simulation
of soft tissue, other modeling methods were also presentesilich as the radial
elements method Balaniuk & Salisbury (2003] and the point collocation-based
method of nite spheres Lim & De (2007]. The FEM also has been used in food
industry to model food products. For example, FE analysis lsabeen used to
model and simulate the indentation of bread crumbd_ju & Scanlon (2003]; FE
simulation has been used to evaluate the dependence of temgtere and water
content on process time during meat cookindPurlis & Salvadori (2003]; and FE
method also has been employed to calculate food quality anafsty losses during
processing, storage and distributionMlartins (2006].



1.2 Parameter Estimation of Deformable Objects

To date, the modeling of soft organs and tissues mostly supgea that the
organs and tissues are completely recoverable and the defation behaviors after
unloading operations are not considered in most applicatis. Some organs and
tissues, however, may fail to totally recover from the defamation after loading-
unloading operations.Hrapko et al. (2006 found that porcine brain tissue did not
recover completely after a loading-unloading cycle. In vivexperimental results
showed that residual deformation may also present in humaivér [Nava et al.
(2008]. In addition, residual deformation may also exist when lelogical organs
and tissues su er from some diseases or undergoing a sigant external forces.
Such residual deformations could be handled by rheologicabdels. On the other
hand, modeling and property estimation of food materials we studied so far
mainly on the chemical and ingredient composition point of iew for improving
the cooking ability, product quality, and nutrition. As an \ engineering material”,
however, it was not well developed.Chua et al. (2003 stated that the most
critical barrier against the application of robotics and atomation in food industry
is a lack of understanding of the food product properties asnaengineering”
material for handling operations. We have therefore turn quattention on the
modeling, simulation, and parameter estimation of rheolacal objects, especially
considering the residual deformations which has not beerusiied intensively.

1.2 Parameter Estimation of Deformable Ob-
jects

Before simulating any real objects, some physical parameseof the model have
to be available in advance. In conventional material sciee¢c material properties
were usually estimated by direct calculation or curve ttirg based on the measure-
ments of experimental tests, such as compressive, tensilerce relaxation, and
creep recovery tests§hames & Cozzarel(1999]. However, these calculations
and tests were mostly under an assumption of 1D deformatiompire uniaxial
or pure shear deformation). Deformable objects, on the othédand, have more
complex deformation behaviors and sometimes include seafedi erent material
properties. Therefore, they have to be simulated as a 2D/3Doatinuum and
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Figure 1.3: Optimization process for parameter estimation

complex deformation behaviors have to be considered duripgrameter estima-
tion. It is a quite challenging work to estimate physical pameters for accurately
reproducing the behaviors of deformable objects.

So far, the most popular method used in estimating physicabpameters of de-
formable objects is simulation-based optimization,e., the simulation is iterated
with updated physical parameters until the di erence betwen the simulation and
experiment becomes minimal, as shown in Figl.3. Using this method, many
work has been done. For exampld&auer et al. (2002 characterized human uteri
in vivo through an aspiration experiment;Hing et al. (2007 investigated the force
behaviors during the insertion of a needle into a porcine kv; Samuret al. (2007
developed a robotic indenter for minimally invasive measaments and character-
ized the material properties of pig liverAhn & Kim (2010 characterized a porcine
liver by indentation experiments with various indentationdepths and two di erent
tip shapes;Tada et al. (2009 performed a compression test inside a magnetic res-
onance imaging (MRI) system and estimated the material pragoties of a layered
soft tissue; Augensteinet al. (2005 investigated the physical parameters of pig
heart based on cyclical in ation experiments and MRI taggednages with simul-
taneous pressure recordings; andawa & Noborio (2007 calibrated a food dough
which was simulated by a hierarchical MSD model. In order toc@omplish the op-
timization problem of the estimation method, many optimizéion algorithms have
been used, such as Levenberg-Marquardt metholdduer et al. (2002], sequen-
tial quadratic programming (SQP) [Augensteinet al. (2003], genetic algorithm
(GA) [Ikawa & Noborio (2007] and extended Kalman Iter [Hoshi et al. (2007)].
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1.3 Modeling and Parameter Estimation of Rheological Objec ts

The optimization-based estimation method is quite robust rmd works well with
di erent models. However, this method is time-consuming sce it is based on
iterative simulations.

Direct calculation and curve tting methods have also been sed to estimate
physical parameters of deformable objectdzarshadet al. (1999 have performed
a series of compressive and shear tests on pig kidney andreated its phys-
ical parameters by using curve tting. Sakamotoet al. (2007 formulated a
\Norimaki-sushi" by a 2-layered Maxwell model and directlycalculated its phys-
ical parameters by using least squares method based on theasements of
force and displacements. In order to well capture the forcesponse during the
grasping of the \Norimaki-sushi”, Tsai et al. (2008 used a Fung's viscoelastic
model to describe the force behaviors of the sushi and emmdycurve tting
method to determine the physical parameters. Direct calcation or curve tting
method for estimating parameters are e cient since no simaltion was involved.
However, this method needs the analytical expressions ofde or displacement,
which are not always available. Therefore, such method is thalways applicable.
In this dissertation, both simulation-based and calculatin-based methods will be
discussed and mixed together to achieve better reproduati® of both force and
deformation simultaneously.

1.3 Modeling and Parameter Estimation of Rhe-
ological Objects

Rheological object has both elastic and plastic propertiesGenerally, it is more
di cult to model a rheological object than model an elastic dject due to the pres-
ence of residual deformation. Early work on the modeling oheological objects
was started by Terzopoulos & Fleischer(1988, who have employed a Burgers
model to describe rheological behaviors. However, it is @rd conceptual descrip-
tion and no simulation results and information of parametedetermination were
given. A plenty of work on modeling and parameter estimatiorof rheological
objects has been done bioborio et al. (2003, who have employed a Lether-
sich model and MSD method to construct a food dough, a typicaheological
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object [Nogami et al. (20048]. They investigated three di erent mesh con g-
urations: the lattice [Yoshida et al. (2009], the truss [Nogami et al. (20043],
and the hierarchical [kawa & Noborio (2007] structures, with decreased MSD
elements connected between nodal points to reduce the cortgiion cost. Two
optimization methods, modi ed randomized algorithm Noborio et al. (2003] and
genetic algorithm Jkawa & Noborio (2007], were used to estimate the physical
parameters. As we mentioned above, the MSD model has an adizge of low
computation cost but the simulation accuracy is quite limied and the physical
parameters are dependent on mesh con guration and resoloti. A two-layered
Maxwell model Sakamotoet al. (2007] and a Fung's viscoelastic modelT[sai
et al. (2008] have been used respectively to reproduce the force resperof a
sushi when grasped by a robot hand. Good approximations ofrée behaviors
were obtained. However, both models are still 1D models. Irddition, the ISU
exoskeleton technique has been used in modeling clay to siateé an interaction
between virtual clay and a human nger Chai et al. (1999)].

Interestingly, most above-mentioned work of rheologicalbgects modeling
has focused on either reproduction of deformation alonBlgborio et al. (2003,
Nogami et al. (20043, Nogami et al. (2004h, Yoshida et al. (2009, Ikawa &
Noborio (2007] or reproduction of force alone$akamotoet al. (2007, Tsai et al.
(2008]. Reproduction of both force and deformed shapes of a foodwh has
been studied byYoshida et al. (2007 with a MSD model. Experimental results
suggested that shape calibration (parameter estimation bgninimizing the dif-
ference of deformed shape) could only yield good shape refrction and force
calibration only resulted in good force reproduction. It ismpossible to reproduce
both force and deformed shape simultaneously by using ond sé parameters.
However, they did not mention the reason of this impossibiyi and how to solve
it. This will be the main concern of this dissertation.

On the other hand, rheological properties of food materialwere frequently
studied in food engineering. Many instruments have been ddgped to measure
rheological properties, such as rheometer, farinographné dynamic oscillator,
as reviewed byMirsaeedghaziet al. (200§. Sivaramakrishnanet al. (2004 have
used a farinograph and a rheometer to assess the rheologipedperties of var-
ious types of rice dough to determine their suitability for raking rice bread.



1.4 Aim of the Present Work

Wu et al. (2010 have investigated the use of extrusion cooking on pastes by
estimating the dynamic rheological properties of extrudecaxseed-maize pastes
through dynamic oscillation and creep-recovery tests. Hawer, properties tests
and behavior models on food materials are usually carried tomn 1D condition
and mainly focusing on chemical and ingredient compositioOur work has been
motivated from an engineering point of view for grasping andhanipulating of
rheological objects. Therefore, the object or material imstigated in this disser-
tation basically has a 2D or 3D shape and the deformed shape® always of
concern.

1.4 Aim of the Present Work

As discussed above, the modeling of rheological objects mad been well devel-
oped and mostly is based on MSD modeling method or with a 1D assption.
An e ective approach for estimating physical parameters ofheological objects
has also not been well established. To our knowledge, theicegl (permanent)
deformation after loading-unloading operation has not beetaken into consid-
eration during the modeling and parameter estimation of rteogical objects so
far. The residual deformation might be important in some sitations where the
desired shape is needed without any damage. The aim of thissskrtation is
the determination of appropriate models for simulating rhelogical objects and of
their physical parameters in order to reproduce both rheofjical force and defor-
mation behaviors simultaneously. In other words, we hope #t our present work
is able to help us to understand rheological behaviors and thoose an appro-
priate model and parameters for accurately capturing thoskehaviors, such as
force response, deformed shapes, and nal recovered shapgasssible application
elds of our present work may include surgical simulation,dod engineering, and
robot manipulation.

1.5 Dissertation Organization

In Chapter 2, we summarized the physically-based models whican be used to
describe rheological behaviors. According to the con gutian among elements,
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we divided the physically-based models into two groups: $a&rand parallel mod-
els. General constitutive laws for both groups were formuied and analytical
expressions of force and residual deformation were derivieddiscuss the ability
of physically-based model for capturing both rheologicabfces and deformation
behaviors. A dual-moduli viscous element was then introded in order to repro-
duce both rheological forces and deformation simultanedus

In Chapter 3, 2D and 3D FE dynamic models were formulated bageon
generalized Hooke's law and linear Cauchy strain tensor. brder to handle large
deformation and deformation with rotation motion, the nonlnear Green strain
tensor was introduced into our FE formation. Simulation reslts with linear
Cauchy strain and nonlinear Green strain tensors were theregfformed to compare
the di erences. Finally, FE model with the proposed dual-mduli viscous element
was presented for capturing both rheological forces and defation behaviors
simultaneously.

In Chapter 4, modeling of non-uniform layered objects and atact interaction
between two objects were investigated. The layered object®re arti cially sepa-
rated into several uniform objects and modeled by our FE moteThe constraints
between interaction boundaries were then imposed to connebese uniform ob-
jects to construct the non-uniform ones. The contact modeblere divided into
two categories depended on the size of the instruments. A g#d or local remesh-
ing was needed for the second category but not necessary foe trst one. The
contact moment was detected by using a de nition of signed aa. A contact
condition was established to start the contact simulationSurprisingly, the losing
contact action can be achieve automatically by using this calition as well. The
losing contact moment also can serve as a criterion requir@d the dual-moduli
viscous element to switch parameters.

In Chapter 5, the parameter estimation methods were studieir reproducing
both rheological forces and deformation behaviors simuti@ously. At rst, the
in uences of physical parameters and mesh resolution on sifation results were
investigated. Secondly, a three-step estimation method waresented based on
simulation-based optimization with a constraint on the surmation of viscous
moduli. By taking the advantages of analytical expressionsf rheological forces,
a calculation-based optimization method was then proposeéinally, the method
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for estimating parameters of FE model with dual-moduli vissus elements was
presented.

In Chapter 6, experimental results with commercial availale clay and Japanese
sweets materials were presented. A series of compressiv@steon at-squared
objects made of above-mentioned materials were performedhwdi erent com-
pressing operations. Measurements of force and deforme@sbs were utilized
to estimate the physical parameters of both materials. Di eent parameter esti-
mation methods were employed to estimate the parameters. N@ation results of
both FE model and estimated parameters were then investigad by comparing
the simulation results with experimental measurements.

Chapter 7 concluded this dissertation and suggested podsildirections and
applications of future work.
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Chapter 2

Physically-Based Models

Physically-based models are often employed to describe atefiable materials and
objects, e.g, an elastic element (Fig.2.1a) and a viscous element (Fig2.1b) rep-
resent ideal elastic and viscous material, respectively.ot¢ that the deformation
generated in an elastic element is completely recoverabléile the deformation
generated in a viscous element will be totally maintained &g loading-unloading
operations. An elastic and a viscous elements connected iariss is called a
Maxwell element (Fig. 2.1c), which denotes a simplest rheological material. An
elastic and a viscous elements connected in parallel is edlla Kelvin (or Kelvin-
Voigt) element (Fig. 2.1d), which denotes a visco-elastic material. We shall call
the above four elements as basic elements (Fig.1). By connecting several basic
elements in di erent con gurations, many physically-basd models can be ob-
tained for simulating rheological behaviors. We categoezl such models into two

E c
—\/\/—o o=
(a) (b)

E
E c
o—/\/\/\—E ° O—‘ c }—O
(c) (d)

Figure 2.1: The basic elements for describing deformable teaals: (a) the elas-
tic; (b) the viscous; (c) the Maxwell; and (d) the Kelvin elenents.
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2.1 Generalized Serial Model

Figure 2.2: Two groups of rheological physically-based meld: (a) serial models,
and (b) parallel models.

groups: serial and parallel models, as shown in Fig.2

2.1 Generalized Serial Model

A serial rheological model consists of numbers of Kelvin atents and a viscous
or a Maxwell element connected in series. Note that the defoation generated in
an elastic or a Kelvin element is completely recoverable. €hefore, a serial rheo-
logical model must include a viscous element connected imies, which causes the
residual (permanent) deformation. According to the presem® of elastic element,
serial models can be further divided into two types, as shown Fig. 2.3. Let us

Es Ez En
Cn+l
L —o0
— —
L= L=
C1 Cz Cn

(@)

E, E, Eq
En+1 Cn+1

L —o
— —
| S— | —
Cy Co Cn

(b)

Figure 2.3: Generalized serial models: (a) type 1, and (b) e 2.
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2.1 Generalized Serial Model

take the serial model of type 1 (Fig.2.39 as an example to show the derivation
procedure of the constitutive law.
Note that the constitutive law of four basic elements can beofmulated as:

Elastic element : = E;
Viscous element: = c;
E (2.1)
Maxwell element : _ + ~ =E;
Kelvin element : =E +c;

Let ; and .41 be the strain at the i-th Kelvin element and the (0 + 1)-
th viscous element, respectively, in type 1 serial model. té&; and ¢ be the
Young's modulus and viscous modulus of theth elastic and viscous elements,
respectively. Due to the serial connections among these lzaslements, the total
stress at the serial model is equal to the stress at each basiement and the total
strain at the serial model is equal to the summation of the stin at each basic
element. That is,

=Ei+cy 1 00
= Ch+1 _p+1 s
- - (2.2)
= I
i=1
Taking Laplace transform of the above equations, we have
(s=Eii(s)+agsi(s); 1 i
S) = Cr+1S n+1(S);
(s) 1S n+1(S) (2.3)
X+1
(s) = i(s):
i=1
Eliminating ;(s) from the above equations, we then have
hx 11 11
S) = — + = S); 2.4
= sire T osaa © (2.4)
wherer; = E;=G. Let us de ne a polynomial as below:
Y
(s+1))= A"+ A, 18" T+ + As+ Ag: (2.5)

i=1
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The coe cients of the above polynomial have the forms of:

A, =1,
X
Ap 1= ri;
i=1
X
An 2= rlrja
i=1 j=1
i6i
An 3= rirr
i=1 j=1 k=1
j6i k6i
K|
Y
Ag = I
i=1
Multiplying Eq. 2.4 by Eg. 2.5 we have
Y ¥ hx 11 111
(s+ri) ()= (s+ri) — + - (s)
i=1 i=1 iz STTiG S G+
h i 2.7
Y (sHr) st 1 ©): (2.7)
izt j-1 G i1 S G
i6i

We then nd the following equation:

Y
(s+rj)=(s+ry) (s+r;)(s+ris1) (s+ry)

JjglI (2.8)

s" 1+ Bi;ls” = + Bin 28+ Bin 1
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2.1 Generalized Serial Model

where
X
Bi;l_ r]y
j=1
j6i
XX
Bio = rirg;
j=1 k:l
j6i k6i
K6
XX xo
Biz = Firer; (2.9)
j=1 k=1 1=1
j6i k6i 16i
k6j 16]
16 k
Y
Bin 1= rj:
j=1
j6i

Substituting Egs. 2.5and 2.8 into Eq. 2.7, we have the following Laplace trans-
form equation:

(Ans"™ + Ap 18"+ + Ags) (9)

2.10
S(BIS B Te v BISHE) (9
where
Btz T+ A
i=1 G Ch+1
Brslll = E + An 1,
iy G Cn+1
(2.11)
BS! = Bin 1, A :
i=1 G Cn+1
A
Bt= %
Cn+1

Applying the inverse Laplace transform to Eq.2.10yields the constitutive law of
serial model of type 1 as follows:
1 . -
*ooe X _ue

B it (2.12)

j=0
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2.2 Generalized Parallel Models

Note that the highest-order derivative of strain is one order larger than the
highest-order of stress . In addition, there is no constant term in the coe cients
of strain polynomial (the subscripti starts from 1 in the left side of Eq.2.12.

Following the same derivation procedure, we can obtain theoastitutive law
of serial model of type 2 as follows:

1 : 1 :
X @ X B.SZ@

i=1 @lt j=0 @Jt
where
1
BSZ — :
n+1l En+l
s2 _ X 1 An An 1
BS gt :
=1 G Ch+1 Ena
Brslzl_ Bi;l + An 1 + An 2; (2-14)
iy G Cnh+1 En+
BS? = Ao .
Cn+1

Equation 2.13indicates that the highest-order derivative of strain is equal to
the highest-order of stress . Note that the left side of Eq. 2.13 has the same
form with the left side of Eq. 2.12

2.2 Generalized Parallel Models

Two kinds of parallel rheological models were shown in Fig2.4. Due to the
parallel connections among basic elements, the total straat the parallel model
is equal to the strain at each basic element and the total stsge at the parallel
model is equal to the summation of the stress at each basicralent. For parallel
model of type 1, we therefore have

E; .
St ?I =Ei 1 i nm
n+tl = Ch+1 1 (2.15)
X1
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El Cq1 El Cq
— \ N\ = — N\ =
E, Cy E, Cy
— A\ N\ = — \ N\ =
o— E. N ¢, —o o— E N ¢ —o0
— \ N\ = —\ N\ =
Cn+1 En I\ Cn
[ — — N\ \N—=
@) (b)

Figure 2.4: Generalized parallel models: (a) type 1; and (lype 2.

Following the same derivation with serial models, we can engy with the con-
stitutive law of parallel model of type 1 (Fig. 2.4a) as follows:

X @ _ X Bpl@.

i=0 @It ]=1 @lt
where
Bm-l = Ch+1,
L X
Bh = Ei + An 1Chs1;
i=1
Bh', = Bi.1Ei + An 2Cnh+1; (2.17)
i=1
L X
B;FL) = Bin 1Ei + AoCh+1:

i=1

Correspondingly, the constitutive law of parallel model ofype 2 (Fig. 2.4b) can
be formulated as:

A— = BP=; (2.18)
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2.2 Generalized Parallel Models

where
X0
BP? = E;:
i=1
B? .=  BiiEi;
"t (2.19)
, X
BE = Bin 1Ei:

i=1
We summarize the constitutive laws of generalized serial drparallel models in
Table 2.1, where Eqgs.2.12and 2.13 are rearranged for convenient comparisons.
We found that the constitutive law of serial model of type 1 hathe identical form
with the parallel model of type 1 except some coe cients havig di erent formu-
lations. Correspondingly, the constitutive laws of seriainodel of type 2 also has
the same form with the parallel model of type 2 by replacing #&summation limit
n+1 by n. Note that same constitutive laws yield same deformation Ibaviors.
Therefore, for simulating a certain behavior, we can use b#r a serial model or a
parallel model. Actually, for any type of physically-basednodel, which consists
of any numbers of basic elements connected in any con gurati, we are always
able to nd one pair of serial and parallel models which are ce@esponding to
each other and yield the same behaviors. This allows us to estigate only one
kind of model instead of both for simulating a certain behaers of deformable
objects. In this dissertation, we mainly investigate the paallel models. In ad-
dition, according to Eqg. 2.2 if the total stress at the serial model is available,

Table 2.1: The constitutive laws of generalized serial andapallel models

Models Type The constitutive law
1 i o Bj51% =P A 161
Serial 2 P ang Bjsz% _ P A 1%
1 TLAds ek
Parallel 2 P in=0 Ai% _ P jn=1 ijz%
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2.3 Analysis of Parallel Models

we can easily obtain the strain at each basic element by solg a series of or-
dinary di erential equations and therefore have the total gain by summing up
the individual strain at each element. On the other hand, ecation 2.15indicates
that the convenient calculation of rheological stress canebachieved by using the
parallel models. This tells us how to choose a model betweesrial and parallel
models. If you are interested in the calculation of deformatin, you should use
a serial model. On the contrary, you should go with parallel mdels if you have
more concern with force behaviors. In this dissertation, wehoose parallel models
because the experimental measurements including contiusoforce responses and
static images of deformed shapes. We suppose that the contis deformation
measurements are not available.

2.3 Analysis of Parallel Models

2.3.1 Experimental Rheological Behaviors

Typical rheological behaviors (force and deformed shapesd)commercial available
clay and Japanese sweets material are shown in Fig8.5 and 2.6. Clays were
bought from supermarket and were supposed to be played by Iclien above 3
years old. The sweets materials were provided by OIMATU, a ®®&ts company in
Kyoto. Detailed experimental setup and results will be presited in Chapter 6.
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Figure 2.5: Experimental measurements of commercial a\aile clay: (a) force
response, and (b) deformed shapes.
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2.3 Analysis of Parallel Models
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Figure 2.6: Experimental measurements of Japanese sweetatenial: (a) force
response, and (b) deformed shapes.

Our target is to nd an appropriate model to simulate the rhedogical behaviors
of these objects. Normally, physical parameters of an objeshould keep the same
even though its size may change or it may be deformed in di eneways. This
feature allows us to use a regular shaped object with simplests to estimate the
properties of the object. Such tests include the uniaxial capressive and tensile
tests as used in material engineering. In our study, we concted a compressive
test with a pushing-holding-releasing procedure. We faginied a 2D rheological
object with a at-squared shape. We rstly pushed the entiretop surface of the
object with a constant velocity to reach a desired displacesnt during time 0 to
tp, which was called pushing phase (Fig2.5aand 2.6g). During this phase, force
was increasing with the deformation increasing. Before easing, the deformed
shape was maintained from time, to t,+ t,. This time period was called holding
phase and the deformed shape during this phase was calleddhsthape (Figs.2.5b
and 2.6b). In the holding phase, rheological force was decreasingalled force
relaxation) in a nonlinear manner. After unloading, howewe rheological force
went to zero and the deformed shape were partially recovereBigures2.5and 2.6
also indicate that rheological behaviors of di erent matedels are quite di erent.
Comparing with clay, the force relaxation behavior of swestmaterial is slower and
the residual deformation is larger. Let us now investigatehe ability of physically-
based models for reproducing the above-mentioned rheolajibehaviors.
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2.3 Analysis of Parallel Models

2.3.2 Analytical Expressions of Rheological Stresses

We take the parallel model of type 1 as an example to show the rd@ations

of analytical expressions of rheological stresses. Durittte pushing phase, the
strain rate is constant,i.e., _= p. By solving Eg. 2.15 we have the analytical
stress expression in the pushing phase as below:

X ‘.
(t) = cpl e CREE o p, (O t tp): (2.20)
i=1
In the holding phase, solving Eq. 2.15 with _= 0 and initial condition of i(tp),
we can formulate the analytical stress expression in this pke as:

X Eit Eigr tp)
(t) = cpl ecs®ec P (t, t ty+ty): (2.21)
i=1

2.3.3 Analytical Expression of Residual Strain

After unloading, we intuitively consider to solve the constutive law Eq. 2.16
with = 0 to formulate the strain recovering pro le over time. Unfatunately,
when the order of time derivative of strain exceeds two, it becomes impossible
to solve Eq. 2.16 because we have no information about the initial condition
of strain derivatives. Therefore, we turn our attention to 6cus on each viscous
element. Let ©3(t) and YS(t) be the strain at each elastic and viscous element,
respectively. Note that the stress at a Maxwell element is agl to the stress
at the elastic element and the viscous element as well. Thumtal stress after
unloading can be formulated as:
X1 X _
(t) = i(t) = G °(t)+ Chsp (1) =0: (2.22)
i=1 i=1
Integrating the above equation from timet, + t, to time in nite, we have
x Z1 Z,
G S (Ddt + G (t)dt =0; (2.23)
i=1 tp+th tp+th
and thus

X _ .
G VSL) (ot ty) t e (1) (tty) =00 (2.24)

i=1
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2.4 Discussions of Physically-Based Models

It is important to note that the residual strain at every visoous element in a

parallel model should be the same and equal to the total residl strain when time

goes to innite, i.e., YS(1)= ¥s(1)= = VS(1)= (1), because all elastic

elements completely recovered from the deformation. Thusquation 2.24yields
Mo (ot th) | ey, (o + th),

(1)= P P, (2.25)
i=1 j=11 G j=11 G

In addition, each viscous element has its own constitutivealv as ;=¢ . Inte-
grating it through time O to time t, + t, and rearranging it, we have
. Z tp+th
By +th)= = i(t)dt: (2.26)
G o
P
Substituting Eq. 2.26into Eg. 2.25and considering (t) = i”:ll i(t), we nally
end up with the expression of total residual strain as:
Z

1 tp+th

(1)= P (t)dt; (2.27)

n+l
i=1 0

This equation indicates that the nal residual strain in a paallel model is dom-
inated by the summation of viscous moduli and the integratio of force through
the pushing and holding phase.

For the parallel model of type 2, we can obtain the same fornation of stress
expression in the holding phase and the same formulation ofial residual strain
with the summation limit n+1 replaced byn in Eq. 2.27. The only di erence of
the parallel model of type 2 is the stress expression in the ghing phase, which
is " .

(t) = cpl e ; (0 t tp: (2.28)

i=1

2.4 Discussions of Physically-Based Models

Typical simulation results of rheological stress and strai were shown in Fig.
2.7 by using a ve-element model (the last row of Fig.2.2b) and a two-layered
Maxwell model (the middle row of Fig.2.2h). According to Eqgs. 2.20 2.21, and
2.28 we nd that the stress curve can be determined by viscous mall ¢ and
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Figure 2.7: Typical simulation results of rheological behéors by using: (a) 5-
element model, and (b) 2-layered Maxwell model.

time coe cients E;=¢ of exponential functions. The coe cientsE;=¢ dominate
the stress relaxation behavior during the holding phase, &rmulated in Eq. 2.21
and shown in Fig. 2.7. In order to obtain similar force relaxation curves with
real materials as shown in Figs2.5 and 2.6, at least two exponential terms are
needed YWang & Hirai (2009], one with large value ofEi=g and another one
with small E;=g. The large E;=¢ describes the rapid relaxation in force and the
small one denotes the slow decreasing. For example, gu2eB shows the curve
tting results of force relaxation behaviors of commerciatlay material by using
a force expression with one and two exponential terms, regpigely. We can see
that two exponential terms are enough to achieve a good remhaction of force
relaxation behavior. The values oE;=G used in Fig2.8b were E;=¢ = 0:2514
and E,=¢ = 0:00213. After determiningE;=G and substituting into Eq. 2.2Q
we nd that the viscous moduli ¢ will dominate peak stress at timet,. Note
that there is a sudden drop in stress (Fig2.78 at the end of pushing phase for
ve-element model (parallel type 1). This sudden drop is dested by = Cy+1p.
Figure 2.7b showed that the two-layered Maxwell model(parallel type 2)esults
in attenuated vibrations in both stress and strain curves &ér unloading. Based
on the above discussions, we can say that the physically-ledsmodels with at
least two exponential terms in force expressions have theilitlg to accurately
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2.4 Discussions of Physically-Based Models
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Figure 2.8: Curve tting of force relaxation behaviors by ugg expressions with:
(a) one exponential term, and (b) two exponential terms.

reproduce rheological force behaviors. Our worlMang & Hirai (2009] has shown
good reproductions of rheological forces for commerciahgl However, we failed
to reproduce the nal recovered shape at the same time. Let usw discuss the
reason of this failure.

According to Eq. 2.27 the residual strain is dominated by the summation

i”:ll G. On the other hand, parameterss also strongly a ect stress amplitude
as formulated in Egs.2.20 2.21, and 2.28 This causes a contradiction between
the reproductions of stress and residual strain. For exangl if we determine
the parametersc from stress, the summation ot; will therefore yields a certain
residual strain. We are unable to change this residual straito another desired
one. On the contrary, if we rstly calculate the summation ofc; based on Eq.2.27,
we have an upper limit ( i”:ll ¢) for each modulusc, and we have to keep each
¢ under this limit during the reproduction of stress. For somenaterials, we may
be able to achieve a good reproduction of stress with under this limit, as will
be presented in Chapter 6. For most materials, however, thisnit always will be
broken in order to well capture the stress. The above discusss suggest that the
physically-based models have some di culties to reprodudaoth rheological force
and deformation, especially residual deformation, simw@heously. The reason of
this di culty is the linearity of the physically-based models, especially, the linear
viscous elements, which dominated both residual strain arstress behaviors.

To solve this problem, the rst idea come to our mind is to chage the
physically-based models. We can add more elements to the ploal model or
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2.5 Dual-Moduli Viscous Element

change the con gurations of the basic elements. However,ishwill not work well.
Actually, we are able to nd a corresponding parallel modeldr any physical model
no matter how many elements are involved and how these elernteare connected.
We have already discussed that a contradiction phenomenoiways exist for ar-
bitrary parallel model. Therefore, we are unable to solve ik problem by adding
more elements or changing the elements connections in plogly-based models.
The second idea for solving this problem is to introduce somnlinear physi-
cal models. From textbooks or literatures, we can nd some miinear physical
models, such as the followings:

Wertheim (1847) 2=z a ?+b;
Morgan (1960)
Kenedi et at (1964)

Ridge and Wright (1964)

a";
k% and =B[e™ 1];
C+k?P? and =x+ylog:

(2.29)

Unfortunately, most of these nonlinear models cannot be exttded to 2D/3D FE
models. Even some of them may be able to be extended to 2D/3D dwsis, the FE
simulation will be very time consuming and it may be impossik to estimate all
the parameters. We have tried to introduce some nonlinear rdels into our FE
simulation, but we did not obtain any good result for reprodaing both rheological
force and residual deformation simultaneously so far. We ¥ therefore turn to
another idea which will be introduced in the next section.

2.5 Dual-Moduli Viscous Element

According to the above discussions, we found that the summah i i, G domi-
nates both rheological forces and residual deformation siftaneously. Therefore,
it is di cult to use one set of ¢ to capture both force and residual deformation
simultaneously. In addition, we found that one set of; is enough to capture both
force and deformation behaviors during operations, such asshing and holding
phase. However, this set of parametas cannot guarantee good reproduction of
residual deformation. It is also clear that the force resp@e goes to zero imme-
diately after releasing. During deformation recovery, wealnot concern about
force any more. Therefore, we are able to use another setofo capture residual
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2.5 Dual-Moduli Viscous Element
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Figure 2.9: (a) the dual-moduli viscous element and (b) palial 5-element model
with two dual-moduli viscous elements.

deformation. We can switch these two sets of parameters dog simulation when

the deformation starts to recover. We have therefore intracted a dual-moduli
viscous element, as shown in FigR.9a into our physically-based model in order to
reproduce both rheological force and deformation, espdbraesidual deformation

simultaneously. The governing equation for the dual-moduViscous element can
be formulated as

=0 +9b); (2.30)

where scalars and c were parameters to be determined. Switch function takes
the following values:

_ Ny Criterion is satis ed;

1 Otherwise (2.31)

This dual-moduli viscous element has an ability to switch tB parameters from
one to the other during simulation. The physical meaning ofhis element can
be explained as the property changing of a material during epation and re-
covery. For example, some elastic materials experience astgresis phenomenon
during loading and unloading operations. The material progrties are slightly
changed during hysteresis. In addition, some metal matefsaalso demonstrate
strain hardening behavior when they are strained beyond thgeld point. In this
case, the properties of the materials are also changed dwgithe operation. For
rheological materials, both hysteresis and strain hardemy may also happen and
may be in more stronger way. This causes the material propess changing sig-
ni cantly during loading and the materials therefore behae in another way after
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2.6 Concluding Remarks

unloading. In other words, the physical parameters of rhemgical objects may
be continuously changing during operations and reach anahset of values when
operations are nished. Unfortunately, continuous changef parameters during
operation brings troubles in implement of parameter estim#n. In our work,
therefore, we suppose that the parameters are kept constantiuring operation
and change to another set when the operation is nished.

The criterion used in Eq. 2.31 has di erent options depending on di erent
applications. If the operation time is available before simlation, the simulation
time can be a perfect criterion to trigger the parameter swahing. In some ap-
plications such as surgical training and virtual reality, he simulation time may
be not available in advance. Fortunately in such cases, antémaction often hap-
pens between the object and external instruments. This intaction can provide
a good criterion for the parameter switching since the deforation recovery nor-
mally happens after the interaction was nished. This will ke further investigated
in Chapter 4. By introducing two dual-moduli viscous eleméds into a parallel
ve-element model, we can formulate an e ective model (Fig2.9%) for capturing
both rheological forces and deformation behaviors.

2.6 Concluding Remarks

In this chapter, the physically-based models for simulatim rheological behaviors
were summarized. We categorized such models into two grougerial and paral-
lel models. The constitutive laws for both generalized satiand parallel models
were derived. We surprisingly found that the serial and paikel models are cor-
responding to each other and can be replaced by each other. iFfallowed us
to focus on one group only and save us much time to go over vargokinds of
physically-based models. We also found that the serial mddeyield easy cal-
culation of strain while the parallel models result in conugent calculation of
stress. This suggested us how to choose the models betweeth lgooups depend-
ing on our applications. Analytical expressions of rheolagal stress and residual
strain were derived and compared with rheological behav®of real material. We
found that at least two exponential terms in stress expressis are required to
accurately reproduce the rheological stress behaviors. Vdso found the value
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2.6 Concluding Remarks

of summation i ", ¢ dominates the residual strain and strongly a ect the force
amplitude as well. There is a contradiction between the repductions of rheo-
logical forces and residual deformation. The linear physitty-based models have
troubles to capture both rheological forces and deformatiobehaviors simulta-
neously. We have therefore introduced a dual-moduli viscelelement into our
physically-based model to cope with this problem. This modidas an ability to
switch parameters from one to the other during simulation ah each set of pa-
rameters was responsible for capturing rheological forcasd residual deformation
respectively. The physical meaning of this element can be@ained as hysteresis
and strain hardening behaviors of rheological objects. Imé following chapters,
the FE dynamic models, parameter estimation methods, and p&rimental results
will be addressed.
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Chapter 3

2D/3D FE Dynamic Model

FEM is the most successful method for numerical computatioof object deforma-
tion. In FE modeling, an object is described by a set of elemisn(e.g, triangles
in 2D case or tetrahedra in 3D case). Dynamic behaviors of tlabject are then
determined by analyzing the behaviors of individual eleménin this chapter, we
formulate the 2D/3D dynamic model of deformable objects basl on the linear
Cauchy and nonlinear Green strain tensors, respectively. aVrstly derive the
FE model of elastic material and then extended to rheologitanaterial.

3.1 FE Formulation with Cauchy Strain Tensor

3.1.1 2D Elastic Model

Linear elastic material .9, a linear spring) in 1D deformation satis es the fol-
lowing equation:
= E; (3.2)

where and are stress and strain. Constantt denotes Young's modulus.
According to the Hooke's law, the above 1D relationship canebextended to 2D
deformation for an isotropic material as

=(1+ 1) (3.2)

where =[ x; Xy]T and =[ x«; yy Xy]T are 2D stress and linear Cauchy
strain tensors. Scalars and denote Lane's constants, which can be calculated
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3.1 FE Formulation with Cauchy Strain Tensor

by Young's modulusg and Poisson's ratio as follows:

E E
T+ H)a 2y T2+ ) (33)
Constant matricesl and| have the forms of
2 3 2 3
110 2 00
| =41 1 095; | =40 2 05: (3.4)
00O 0 01

Let S be a region of a 2D elastic object. Assuming that the object momposed
of linear elastic material, strain energy of the object is fonulated as follows:

1T(|+ | ) hdS:

u= =
s 2
Partitioning region S into a set of triangles, strain energy is described as
X
U= Uijik 5
4 PiPj Py
where Z 1
Uk = ZT(1 + 1) hds: (3.5)
4 PiPj Py 2

In the region of4 P;P; Py, displacement vectorup = [u;V]" at arbitrary point P
inside 4 P;P; P, can be approximated by a linear combination of nodal displae
mentsu; = [ui;vi]", u; =[uj;v;]", and ug = [ug; v]" as follows:
U= UiNijk + Ui Njii + UeNicij 5 (3.6)
V= ViNigk + Vi Nji + VN 5
whereN;;« , Nj«.i, and Ny.;; are the interpolating shape functions. Each of them
has a value of 1 at each nodal point P P;, or Py, respectively and zeros at all
other nodal points. Taking partial derivatives ofu and v relative to x and y
respectively, we have
@u_ u @Nik | u @i uk@N;i;j :
@x @x @x @x
Qu_ u @Nik | u @i uk@N;i;j :
@y @y @y @y
@V @Nj-k @Nk-i @N'i'j
= =\ UL B 2 ™+ -
@x Vi @x Vi @x Vk @x '
@v_ y @N« v @ N @N;j; .
@y ' @y ' @y @y

(3.7)

+V|(
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3.1 FE Formulation with Cauchy Strain Tensor

Let[; 1", [;; ;I",and [«; «]" be initial coordinates of nodal points P, P;,
and Py, respectively. Partial derivatives of shape functions in & 3.7 can be
calculated as:

_@Nk _ ) k. o - @Nk _ o«
Nix = @x 24 Niy = @y = 24
C_ @M ok i oy - @M ok
= Tax T T2a 0 W T ey T T (3.8)
_@Ng _ 0. _@Ny 0.
Nic = @x 24 Niy = @y = 24 '

where4 denotes the signed area of trianglé gi P; Px ang was given by
1 bk
4PPPc= Sl JA o
i j

Note that the Cauchy strain tensor =[ . yy; Xy]T was formulated as

_ @u
XX = @)y(
@v
yy = @y (3.9)
_ @u_ @v
24 = @y+ ax

Substituting Egs. 3.7and 3.8into Eg. 3.9and then substituting the consequential
Cauchy strain tensor into Eq. 3.5, we have

2 3
1 ui
Uik = > uf UjT up Kk 4 uj S (3.10)
Uk

where sti ness matrix K can be decomposed into two as follows:

Kije = J¥ + ik (3.11)
Matrices J" and Ji* have the following forms:
2 3
" h Ajicik  Ajikcki Ajiki
JU = ijpkdf Aviik Axiki Axiij 2
2 Aijik Aigaki Adg g 3
" h 2Bikiik * Cikiik  2Bjkiki + Cikoi 2Bjcsij + Cisi
JWE = PP Py 4 2Byijk + Cuisjk 2Buiiki + Cuiski 2By + Cuisig 2

2Bij ik + Cijiik - 2Bijii + Cijogi 2Bijiig + Cij i
(3.12)
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3.1 FE Formulation with Cauchy Strain Tensor

where

- (i D m) (i DCrom) .
I S O S A SR

N (i DO m) 0 .
Bl;] km oy : 0 (i J)( | m) y (313)

Ci" b ( i J)( | m) ( i J)( | m)

dome (i DCrom) Cio DO m)

and J'* depend on geometric quantities, say, coordi-
nates of nodal points alone. As a result, the global sti nesmatrix K also can
be decomposed into two terms as follows:

Note that matrices J"*

K= J+ J; (3.14)

whereJ andJ are referred to as connection matrices. Both matrices alsemgend
on geometric quantities alone and can be calculated by ingmrating matrices
J* and Jiik of each triangles based on the contribution of each triangte the
whole triangle mesh. LetN be the number of nodal points in an FE triangle
mesh. The dimensions of both connection matrices aré&l2 2N.

After having the global sti ness matrix K, strain energy of the object was
formulated by

1
U= éuL Kun: (3.15)

whereuy represents the nodal displacement vector. Taking the dedtive of the
above strain energy relative to vectouy, we have the formulation of a set of
elastic forces generated on all nodal points as

FSR=Kuy=(J + J)uy: (3.16)

Comparing Egs. 3.1, 3.2 and 3.16 we found that the 2D stress-strain relation
Eq. 3.2can be obtained from 1D relation Eg.3.1 by replacing Young's modulus
E by a matrix with two Lane's constants and . Furthermore, the 2D FE force-
displacement relationship Eq.3.16can be obtained from 2D stress-strain relation
Eq. 3.2 by replacing by F$2, byuy,! by J,andl by J , respectively.
In the next section, we extend the 2D elastic formulation to @D rheological
formulation.
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3.1 FE Formulation with Cauchy Strain Tensor

3.1.2 2D Rheological Model

A Maxwell model, as shown in Fig. 2.1(c), is a simplest physical model for
simulating rheological behaviors. The Maxwell model corsds of an elastic and
a viscous elements connected in serial. The 1D stress-straelationship of the
Maxwell model can be formulated as

E
= — E; A7
= *ElL (3.17)
Solving the above ordinary di erential equation yields:
YA t
)= R(t tY (t9dt® (3.18)

0

whereR(t t9 = Ee ¢t 9 s referred as a relaxation function, which determines
the nature of rheological deformation. Replacing two elast constants and

in Eq. 3.2 by two relaxation functions yields a relaxation matrix in 2Disotropic
deformation of the Maxwell model:

Rt th=r (¢t t9 +r (t t91 ; (3.19)

where
rt t9= e <1 rt t9= e <1 (3.20)

ReplacingR(t t9 in Eq. 3.18by Eq. 3.19 we have the 2D stress-strain rela-
tionship of the Maxwell model as
Z

(t) = t[r t 91 +r (t t91 ] (t%dt® (3.21)
0

From the above equation, replacing (t) by FX&(t), byuy,! byJ ,1 byJ,
we have the 2D force-displacement relationship of the Maxivenodel as

Zh i
Foo (t) = e FCy 4 e T3y (t9Ydt® (3.22)

Di erentiating the above equation, we nally have

E
w = P (3 3w (3.23)
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3.1 FE Formulation with Cauchy Strain Tensor

Comparing Eq. 3.17and Eqg. 3.23 we nd that the 1D constitutive law of Maxwell
model can be easily extended to 2D case by simple replacenseas performed
above.

Then, let us investigate the formulation of a parallel ve-é&ement model, as
shown in the last row of Fig.2.2(b). The parallel ve-element model consists of
two Maxwell models and one viscous element connected in pgh Let 4, »,
and ;3 be the stress at the rst, the second Maxwell models, and thénird viscous
element, respectively. Let and be the stress and strain at the ve-element
model. Due to the parallel con guration, the 1D stress-stra relationship can be
formulated as:

E,
+ — 1= Eq;
1 L 1 1.
E, _ _
2t 2= Bal (3.24)
3= G

= 1+ o+ 3

Following the same replacing procedures presented aboves van easily extend
the 1D stress-strain relation Eq.3.24to 2D force-displacement relation as:

E
£ S (50 )
1

Ep+ E—;Ff( 500+ 57 )W (3.25)
Fa=( 3% + 3°J )W
Frz%eo = Fi1+ Fa+ Fg;
whereF, F,, F3, and FJ¥° are force vectors corresponding to stress vectors,
., 3,and ,respectively. Parameters§?, ¢ ¢@ and $@are Lane constants

corresponding toE; and E, and can be calculated by Eq.3.3. Parameters ¥°
and ¥ described the model's viscosity and are de ned as

vis — %] . vis — G .
3 = (1+ )(1 2 ), 3 - m (326)

Supposing that a 2D object is xed on the ground and the top stdiace of the
object is pushed downward with a displacement function ofi(t). These two
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3.1 FE Formulation with Cauchy Strain Tensor

constraints can be formulated as follows by using constraistabilization method
(CSM) [Baumgarte (1972)].

ATluy + AT yw+!2%uy)=0;

BTl BTy Db fuy =05

where matricesA and B denote which nodal points should be constrained on
the bottom and top surface, respectively. Scalar is a predetermined angular
frequency and is set to 2000 for both constraints.

Let M be an inertia matrix and "; and ", be the Lagrange multipliers which
denote a set of constraint forces corresponding to both geetric constraints.
Using the Lagrange dynamic method, dynamic equations of thedal points are
given by

Fil© + AYp+ B, Ms y =0: (3.28)

Combining Egs. 3.25 3.27, 3.28 and consideringvy = W, we have a set of
di erential equations for simulating the 2D FE dynamic behaiors of a rheological
object under a pushing or pulling operations. In the next séon, the 2D FE
model will be extended to 3D model by changing the triangle rsh to tetrahedral
mesh and adding thez-axis components in all the matrices and vectors. Figure
3.1 demonstrates 2D simulation results of rheological behav& The center part
of the top surface of a 2D rheological object was pushed dovand from Os
to 20 s with a constant velocity. The deformation was then matained for 20
seconds. From 40s, the deformation started to recover. Figu3.1f shows the
force responses on the bottom surface of the object.

3.1.3 3D FE Model of Rheological Object

In our 3D FE formulation, an object is constructed by a set ofd@trahedra. Let R
be a nodal point of a tetrahedron and |; i; ;] be coordinates of point P. Let

PiP; P«P, be a tetrahedron consisting of nodal points P P;, P, and P,. Note
that linear isotropic elastic material satis es

=D; (3.29)
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3.1 FE Formulation with Cauchy Strain Tensor
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Figure 3.1: Simulation behaviors of a 2D rheological objecinitial shape (a),
deformed shape (b) at time 10s, (c) at 20s, (d) at 50s, (e) at 80and (f) force
response on the bottom surface.

where 2 3
+2 0 O
+2 0 0O
D = +2 0 0 O
B 0 0 0 00
0 0 0 0 0
0 0 0 0 O
Stress vector and linear strain vector in 3D case are de ned as
= [ H L] L] H | ]T H
=[ ; ; 2 ;2 ;2 T

Performing similar derivation as presented in 2D elastic dermation, we can
obtain a sti ness matrix K., for a tetrahedron P;P;PP, as follows:

Ki;j;k;l — Ji;j;k;l + Ji;j;k;l; (3_30)
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3.1 FE Formulation with Cauchy Strain Tensor

where

2
Aj;k;l ikl

Ji;j;k;l - =
36

2

At gk

Jiikl = _—
36

2

Cj;k:l ikl

1 8 Cuisjk

36 Chiij sjiki

Ci;j:k ikl

The signed volume of tetrahedron =

Pi Pj Pk P| =

1 Atk

Ai;j;k ksl
ZBJ';k;l ikl
1 2B it i
2B i sjik
2B i :jik

Al kit
Akt kil
Al sk
Ai;j:k TKiLi
2BJ’;k:I Tkl
2B ki1ii s kil
2B iij ;i
2Bi;j;k kL
Cj;k:l Tkl
Critii kil
Chij kit
Ci;j:k TKiLi

Ai;j:k HHH]
ZBJ';k;l s i
2B i i
PASTREEY
2Bi;j;k HEH]
CJ';k;l s L
Ck:I;i HHH]
Cuiij ;1
Ci;j;k HEH]

Aj;k;l Sk
Ak;I;i Jigik

Ai;j;k Tk
ZBJ';k;l Jigik
2B ki ;iik
2B ij ik
2Bk gk

(3.31)

CJ';k;l HHHS
Coi HHHS
Crij ik
Ci;j;k RS

PiP; PP, is given by

OPJ' PP+ PiOPP + P Pj OP + P Pj PO

(3.32)

= OPJ PP+ OPP/P; + OP/P; Pj + OP Pj Pk;

where the signed volume of tetrahedron OP;P; Py is de ned as follows:

OPi Pj Pk =

11 "
23 ]
i j

k
C (3.33)
k

2
Aijk Amin
Ai;j;k Jhmin s 4 h;j;k A:m:n
2 Ci;j;k aI;m;n
Ak Amin
Bijik ;tmin 4 0
0
Ciik lmn
2|,J,k ;sm;n
l--l;j;k l--l;m;n + Ci;j;k CI;m;n
Ak Bimin
Xk Gimin

&k Bmin
kl;j;k kl;m;n
Ci;j;k b;m;n Ci;j;k Ci:min
0 0
b;j;k kl;m;n 0
0 Ci;j;k Ci:m;n

Xk Cimin

Bk @:min
Ci;j;k Cl;m;n + ai;j;k al;m;n
Bk Cimin
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3
Ci;j;k A:m;n
Ci;j;k lzl;m;n 5 ;
Ak A:mn * Bk Bmen
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3.1 FE Formulation with Cauchy Strain Tensor

where
_ i ik k0.
ax = o+ + o
i j j k k i
b = 1 o+ 1o ko kT (3.35)
i ik koo
_ i ik Ko
Gje = Lo+ ! +
i j j k k i

After having sti ness matrix on each tetrahedron as given irEq. 3.30 we can
calculate the global sti ness matrix as follows by incorpating the contribution
of each tetrahedron:

K= 3%+ J%; (3.36)

The dimensions of connection matriceg®® and J°° are N  3N. Therefore, a
set of elastic forced=52 can be formulated as:

FSg = KPu® = J%®+ 3% ud; (3.37)

where vectorsF&2 and uiP consist ofx-, y-, and z-axis components of all nodal
points and the dimensions of both vectors areN8 1. Comparing the above
equation and Eq. 3.16 the di erence between 2D and 3D FE formulation is the
calculation of connection matrices and the con guration oforce and displacement
vectors. In 3D deformation, the object is constructed with get of tetrahedra and
all the matrices and vectors include the-axis components in their formulations.
Similarly, we can extend 2D rheological FE formulation to 3[zase. Replacing
the 2D matrices and vectors in Eqs3.25 3.27, 3.28and consideringv® = &P,
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3.1 FE Formulation with Cauchy Strain Tensor

we have 3D FE formulation of rheological deformation as folvs:

¢P = v3P;

D _ 3D 3D h t.
Map W = Asp'3° + Bap '3 Fi5° + FSSS
T 3D — AT 3D 23D .
Ab W =A%k h2! VN Uy i
Bio VM’ =B, 20 v d%® +12 4P g (o R
E (3.38)
3D _— 13D ela 13D ela 13D D.
B = C_]_Fl + T+ 7] w;
=P
ESD — _FgD + gIaJ3D + gIaJ3D _LﬁlD;
C
3D _— vis 713D vis 713D 3D.
F5- = 3737+ 370 VN S

rheo — 3D 3D 3D.
Foeo = F30 4 F3P 4+ F30.

Note that the above linear equations are solvable since theecient matrix
is regular, implying that we can compute P, P, E3P, and E3P. Thus, we
can obtain the integrals of these variables using the Rund@itta method and
nally compute 3D rheological deformation and force behawors. For example,
Fig. 3.2 demonstrates simulated behaviors of a 3D cube. The entirepsurface
of the cube was compressed downward with a constant velocftpm time 0s to
20s. Before releasing, the deformed object was maintainexd 20 seconds. Then,
the deformation was partially recovered until time 50s. Theheological force
behavior is also given in Fig.3.2d. In addition, our FE model is not limited to
regular-shaped objects. It can be used to simulate objectstiwvarbitrary shape
as long as tetrahedra mesh is available. For example, the dehation of a 3D
index nger pushed by an external cube was performed as shownm Fig. 3.3
Both 2D and 3D views are given for the convenience of compamms The contact
modeling used in this example will be discussed in Chapter 4.

The FE models presented so far are based on linear Cauchy straensor.
Linear FE formulation has an advantage of constant connecth matricesJ and
J , which can be prepared before performing simulation. Thisesults in more
e cient simulation comparing with nonlinear FE formulatio n. However, linear
FE models cannot cover large deformation and cannot simutieformation with
rotation motion, which may frequently happen in many appliations, such as
surgical simulation and food products manipulation. We wiltherefore introduce
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3.2 FE Formulations with Green Strain Tensor

. i
(b) 20 s

o EECY,
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AAYEWZE”

(d) force response

Figure 3.2: Simulation behaviors of a 3D rheological objectnitial shape (a),
deformed shape (b) at time 20s, (c) at 50 s, and (d) force regme on the bottom
surface.

the nonlinear Green strain tensor into our FE model in the néxsection to deal
with this problem.

3.2 FE Formulations with Green Strain Tensor

3.2.1 2D Elastic Model

The Green strain tensor is a nonlinear strain measure whictaie handle large
deformation and rotation. For 2D elastic material, the compnents of Green
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Figure 3.3: Simulation behaviors of a 3D nger pushed by an &rnal cube: (a)
initial shape in 2D view, (b) deformed shape at 0.3 s in 2D viewc) initial shape

in 3D view, and (d) deformed shape at 0.3s in 3D view.

strain tensor 9 are formulated as; ”

g_@ul @u '’ @v ’

XX—@XZ @x @x ;
#

g _ @v 1 @u°’ @vz _
"I @y 2 @y @y ’
0 = @u @v =~ @Wu @Wv,
YT @y @x @@y @@y’
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3.2 FE Formulations with Green Strain Tensor

whereu(x; y) and v(x; y) denote the displacement of arbitrary point Pk;y) along
x-axis andy-axis respectively. Note that neglecting the quadratic parfrom the
right side of the above equation yields the linear Cauchy stin tensor. Again
assuming a 2D object composed of elastic material and constred by a set of

triangles, the strain energy of arbitrary triangle4 P;P; Py can be formulated as

Z
Ui = 2(9T(1 + 1) ohds: (3.40)
4 PiPj Py 2

T

Substituting Eq. 3.4into the above equation and considering® = §,; 8:29

we have

Uik = Ui;j;k + Ui;j;k ; (3.41)
where
Z
1 2
Uijk = T y hds;
Z4 imjFk 1 h ) 2i (342)
Uy = 5 2(%)°+2 §, 7+ 2§ 7 hds:
4 PiPj Py

In the region of4 P;P; Py, displacement vectorup =[u;V]" at arbitrary point P
inside 4 P;P; P, can be approximated by a linear combination of nodal displae
mentsu; = [ui;vi]", u; =[uj;v;]", and ug = [ug; w]" as follows:

Y P : (3.43)

V= ViNigk + Vi Nji + VN ;

whereN;;x , Nji, and Ny;;; are the interpolating shape functions. Each of them
has a value of 1 at each nodal point P P;, or Py, respectively and zeros at all
other nodal points. Taking partial derivatives ofu and v relative to x and y
respectively, we have

@u_ u @Nik | u @i uk@N;i;j :
@x @x @x @x

@Qu_ @Nk . @Ng @Ni; .
@y ey Yey ey
@v_  @Nx« @M @N;jj .
@x " ax Y @x * Vi @x '’
@v_ Ok @ @Ni; .
@y ' @ ' @y @y

(3.44)

+V|(
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3.2 FE Formulations with Green Strain Tensor

Let[; 1", [;; ;I",and [«; «]" be initial coordinates of nodal points P, P;,
and Py, respectively. Partial derivatives of shape functions in & 3.44 can be
calculated as:

N, = @Nj;k — k. N. = @Nj;k _ i k.
" @x 24 Y @y T
o ONG - ok i 2 ONG

N = “an = " T gy T g (349
= @N;i;j — j. _ @N;i;j _ i i

where4 denotes the area of trianglet P;P; P,. Substituting Egs. 3.44and 3.45
into Eq. 3.39 we have

=
W= (3.46)
29, = Ta;
where 3 2 3 2 3
2 3

ix 0 Niy Ui

0 Niy N Vi

0 Njy ij VJ
ka 0 Nky Uk
0 , Ny , N o sz
2 (Nix)” 3 (Ny)” Nix Niy (u)’
%(Nix)2 %(Niy)2 Nix I\Iiy (Vi)2
- %(ij)z - %(Njy)2 .- Njx Niy .q=RWi)
%(ij)2 %(Njy)2 Nijx Njy (Vj)2
%(ka) %(Nky) Nicx Niy (uk)
3 (Ni)? 3 (Niy)? NioNiy (Vi)?
Njx Nx Njy Nky Nijx Niy + N Njy Uj U
Njx Nx Njy Nky Nijx Niy + N Njy Vj Vi
Nix Nix Ny Niy NioNiy + Nix Ny Vi Vi
Nix Njx Niy Njy Nix Njy + Nijx Niy U; U
Nix Njx Niy Njy Nix Njy + Nix Niy ViV

(3.47)

Substituting Eq. 3.46into Eq. 3.42and taking the partial derivative of Eq. 3.41
relative to displacement vectoru;jx = [Uu;;Vi; Uj;V;; uk;vk]T, we have the elastic
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3.2 FE Formulations with Green Strain Tensor

force formulation with Green strain tensor as:

ik ik ik
Feaw = Flo * Flg: (3.48)
where
2
T@ . T@
TG Té&#‘
- T§ + T@@v
LEK — T T j ! .
Fl(g)_h4 q+ 'q TQ?+ TQ}J :
@y @y
T@ . T@
@, Ta
2 @v @y 3
T T@ T T@ T T @
2 q ou +2 q ou T q o
T T@ T T@ T T@
2 q or +2 q o t q o
T T @ T T @ T T @
Fik - pa B2 9 ey *2 0 gy * 4 Ty
(9 — T T @ T T @ T T @
2 'q ay +2 q oyt q oy
T T @ T T @ T T @
2 q oy +2 q oy T q oy
T T Q@ T T @ T T @
2 q oy +2 q oy t q o
(3.49)
Substituting vectors , , , and q of Eq. 3.47 into the above equation and

performing a series of transformations, we can end up with @rmulation of
elastic forces with green strain as follows, which has a slariform with Eq. 3.16

ik ik ik .
Flajla(g) - ‘]”(g) + Jl](g) Uijik » (3.50)
where
Ji;j:k = Jeons 4 Jvarl + Jvar2.
" (3.51)

Ji;j;k = Jeons 4 Jvar1+ Jvar2.
(9) '
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3.2 FE Formulations with Green Strain Tensor

with constant matrices J¢°"s and J" given by:

2 Ni>2< NixNiy Nixij NixNjy Nixka NixNky 3
Niy Nix Nif, Niy Njx  NiyNjy  NiyNigx  Niy Ny
Jcons = h4 ij Nix ij Niy Nji ij Njy ij ka ij Nky .
Njy Nix  NjyNiy  NiyNpe NZ - Ny N Ny Ny £
kaNix kaNiy kaij kaNjy Nkzx kaNky
2 NkyNix NkyNiy Nkyij NkyNjy Nkyka Nkzy
ZNE( + N|§ Ninix 2Nix ij + Ninjy
N ix Niy 2N§, + NDZ< Nix Njy
goons = g B 2NixNic + Njy Niy Njy Nix 2N + N
ij Niy 2Nijiy + ij Nix ij Njy
2NkxNix + NkyNiy NkyNix 2kaij + NkyNjy
kaNiy 2NkyNiy + kaNix kaNjy
Ninjx 2Nix ka + Ninky Ninkx
2Ninjy + Nix ij Nix Nky 2Ninky + Nix ka
Njy ij 2ij Nyx + Nijky Njy N x
2N§, + Nj%( ij Nky 2Njy Nky + ij N kx
Nkyij 2Nk2x + Nkzy Nkyka
2NkyNjy + kaij kaNky 2Nk2y + Nk2x
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3.2 FE Formulations with Green Strain Tensor

Time-varying matrices JV®! and JV&'! have the following symmetrical forms:

NgZ + N7 0 2Nix Njx + NiyNjy
0 N2+ N2 0
Jvarl = h4 Tq+ Tq ij Nix + I\ljy Niy 0 NJ-%( + Nﬁ,
Nix Nix + NgyNiy 0 Nix Njx + NgyNjy
0 NkyNiy + Nix Nix 3 0
0 Nix Nyx + Ninky 0
Ninjy + Nix ij 0 Ninky + Nix Nkx
0 ij Nyx + Nijky 0
0 N2 + N2, 0
Ny Njy EkaNjX 0 NG + NG .
N2 0 Nix Njx 0 Nix N 0
0 N2 0 Nix Njx 0 Nix N
Jvarl — oha Tq Nijx Nix 0 Nj%( 02 Nijx Nkx 0
0 N]X N|)( O N]X 0 N]X ka
Nx Nix 0 Nix Nijx 0 N2, 0
X 0 Nix Nix 0 Nix Nijx 0 N2,
NkyN.y 0 NgyNjy 0 N& 0
, NiyNiy 0 NiyNjy 0 Nigy
N]X N|y + NIX NJy O ZNJX NJy
kaN|y + N|x Nky 0 kaNjy + ij Nky
kaNiy+ NixNky 03
0 NixNky+ kaNiy 0
Nix Njy + ij I\liy 0 Nix I\lky + kaNiy
0 ij Nky+ NkXNjy 0
NkXNjy + ij Nky 0 2kaNky
(3.53)
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3.2 FE Formulations with Green Strain Tensor

Time-varying matrices JV®2 and JV32 have the following unsymmetrical forms:
2

Jvar2 —

Nix(Hl + Hl)Tui;j;k
Niy(Hl + Hl)Tui;j;k
h4 & Njx(Hy + Hy) uiji
2 8 Njy(Hy+ Hq) uiji
Nix(Hy + H )T Ui
Niy(H 1 + H )T uijk

Nix(Hz + Hz)Tui;j;k
Niy(Hz + H2)Tui;j;k
Njx (Ho + H )T uijx
Njy (Ho + H) T
Ni (H, + H o) Ui
Niy(H, + H )T uijk

Nix (H3 + H3)Tui;j;k
Niy(H3 + H3)Tui;j;k
Njx (H3 + H3)" Ui
Njy (H3 + H3)T Ui
Nix(Hg + H3)T Uik
Ny (Hz + H3)TUi§;k

Nix (H 4 + H )T uijk
Niy (H 4 + H ) uijx
Njx (Hg + H )T Ui
Njy (H4 + H ) Ui
Nix (H4 + H4)Tui;j;k
NEV(H4 + H )" uij

Nix (H5 + H5)Tui;j;k
Niy(Hs + Hs) T Ui
Njx (Hs + Hg) Ui
Njy (Hs + Hg) Ui
Niw (Hs + Hs)T Ui
Niy(Hs + Hg) Uik

Nix (H 6 +H 6)Tui;j;k
Niy(Hg + Hg) " Uik
Njx (Hg + Hg) T Ui
Njy (He + Hg) Ui
Nix(Hg + Hg) T Uik
Niy(Hg + Hg) Uik

2Nix (H 1)Tui;j;k + Niy("| 1)Tui§j:k
2Njy (H 1)Tui;j;k + Nix (H 1)Tui;j;k
2N (H 1) Ui + Njy (H )T uigc
2Njy (H )T uigae + Njx (H )T Ui
2Ngx (H 1)Tui;j;k + Ny (H 1)Tui§j:k
2Nky(H 1)Tui;j;k + Ny (H 1)Tui;j;k
2Nix (H3) T uijk + Niy (H3) T uijk

2Nix (H 2)Tui;j;k
2Niy (H) " uigjk
2ij (H 2)Tui;j;k
2Njy (H) " Uik
2Nix (H ) Tuik + Niy (H o) T uijc
2N ky("| z)TUi;j;k Nix (H 2)Tui;j;k
2Nix (H 4)T Uijik + Niy(H 4)T Uik

Niy (H z)TUi;j;k
Nix (H 2)Tui;j;k
Niy (H )T Ui
ij (H 2)Tui;j;k

h4

Jvar2 —

N
+ + + + + 4+

2Niy("| 3)Tui;j;k
2Njx (H3) "uijk
2Njy (H 3)" uijk
2N (H 3) T Ui
2Nky("| 3)Tui;j;k
2Nix (H 5)Tui;j;k
2Njy (H 5)Tui;j;k
2Njx (Hs) " uijk
2Njy (H5)" Uik
2Nix (H5) " Uik
2Nky (H5) " uijk

+ Nix (H 3)Tui;j;k
+ Ny (H3) " uij
+ Nix (H )T uij
+ Ny (H 3)TUi;j;k
+ Ngx (H 3)Tui;j;k
+ Njy (H 5)Tui;j;k
+ Nix (H 5)Tui;j;k
+ Njy (H5) " uij
+ Njx (Hg) " Uik
+ I\lky(H 5)Tui;j;k
+ Nix (H 5) T Ui
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2Niy (H 4) " Uik
2Njx (H )T Ui
2Njy (H ) "uijk
2Niex (H )T Uik
2Nky(H 4)Tui;j;k
2Nix (H 6)T Uij:k
2Niy (H )T uijk
2Njx (Hg)" uijk
2Njy (H )" Uik
2Nix (Hg) Uik
2Nky(Hg) Ui

+ Nix (H4)Tui;j;k
+ Njy (H )" Ui
+ Nix (H )T Uik
+ Ny (H 4)Tui;j;k
+ ka(H4)TUi;j;k
+ Njy (H G)Tui;j;k
+ Nix (H 6)Tui;j;k
+ Njy (Hg) " uij
+ Nix (Hg) Uik
+ Nky("| G)Tui;j;k
+ Nix (H ) " Uik

(3.54)
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where
2 ) 3 2 3 2 3
N 0 Njx Nix
0 N2 0
H. = Nix ij - H, = 0 - H Nli
1 0 ’ 2 Nix ij ’ 3 0 ’
le ka 0 ij ka
0 Nix ka 0
2 3 2 3 2
0 Nyx Nix 0
N]X N,X 0 ka le
0 Nix N 0
Hy = 2 75 Hs= PR 6 = ;
Njx 0 Nix ij
0 N2 0
N]x Nx 0 Nk2x
2 ) 3 2 3 2 3
0 N2 0
Hl_ leNJY Hz_ 0 H3= Nl?’
Niy Niy 0 Njy Nky
0 Niy Nk 0
2 3 2 VY 2
_ 0 _ B NiyNjy . 0
4 Njy2 £’ °° 0 s NiyNjy %’
0 N2 0
Niy Nk 0 N2
2 VY 2 % 2 3
2Nix N.y 0 Nix Njy + N,X Niy
2Nix le
Nix Njy + NJX Ny 7.4 - 0 2Nl>< Njy .
® BN Njy + Njx Ny
le Nky+ kale 0 N]x Nky+ kaNJy
5 3 Nix Nky+ kale
0 Nix Niy + Niex Niy 2 3
Nix Niy + Nix N; 0
Ix Ny jx Wiy ' ' le Nky + kale
_ 0 : _ 8Njx Ny + N Njy
Ha= 2Njx N; s = 0
x )y

02Ny N
Nix Niy + Nix Njy 0 Y
(3.55)

From the above derivations we found that the connection maitces J": k) and

48



3.2 FE Formulations with Green Strain Tensor

Ji;j(;';) are no longer constant and depend on the time-varying disgament vector
Uik . We were not able to prepare those two matrices before simtitmn and we
have to calculate them at every time step.

3.2.2 2D Rheological Model

Following the same replacement procedure presented in Sent3.1, we can ex-
tend the above elastic model to a rheological model. Perfoimg a series of
replacements to Eq.3.25 we have

=
B+ S FI=(19%+ 199 W

E
Y+ C_jpg:( ago 4+ gag9) w; (3.56)

FI=( §°3%+ 5739w

Fibt = Fi+ F3+ F§;

where superscriptg denotes the variables with a formulation of Green strain
tensor. Total connection matrices)® and J9 were calculated by incorporating the

matricesJ ", and J" of each triangles based on the contribution of each triangle
to the whole triangle mesh. VectorFfthef’g) is the rheological forces generated on
each nodal point.

For performing an operation on a virtual object, boundary costraints need
to be formulated. For example, we suppose a 2D object was xexh the ground
and the top edge or some nodal points were pushed down or pdllep with a
displacement function ofd(t). Two boundary constraints on both top and bottom
edges can be formulated as given in EQ.27

Let M be the inertia matrix of the object and "; and ", be the Lagrange
multipliers which denote a set of constraint forces correspding to both boundary
constraints. Using the Lagrange dynamic method, a set of dgmic equations of
all nodal points is formulated as

Fosey+ A1+ B2 Mty =0: (3.57)

Combining Egs. 3.5 3.27, 3.57, and consideringvy = W, we can end up
with a set of di erential equations which describe the 2D dyamic behaviors of a
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3.2 FE Formulations with Green Strain Tensor

rheological object formulated with nonlinear Green straitensor. By numerically
solving these equations, we can calculate the deformationdiforces at each nodal
points of the object.

3.2.3 Simulation Comparisons Between FE Models with
Cauchy and Green Strain Tensors

In order to show the dierence between the linear Cauchy stra and nonlin-
ear Green strain, several FE simulations were performed Wwitformulations of
both strain tensors. The rst simulation is under an input of constant veloci-
ties. Within the rst 2 seconds, 3 nodal points on the top suiice of the objects
were pushed downward to a desired displacement aD@m, Q02 m, Q03 m, and
0:04 m respectively, as shown in Fig3.4a. The deformed shapes were then held
unchange for 2 seconds before releasing. The nal recovergtapes and force
responses from FE models with both strain tensors were shownFig. 3.4b and
3.4c. The second simulation was performed with di erent forcenputs acting on
the top right corner of the object, as shown in Fig3.5a. The force input can be
easily incorporated with the above-mentioned FE model by alihg an external
force vector F® into Eq. 3.57. In this simulation, the top right corners of the
objects were pulled upward with constant forces for 2 secandThe deformed ob-
jects were then released with 2 seconds for recovery. Theateied and recovered
shapes for both strain tensors were shown in Fig.5b and 3.5c respectively.
From Figs. 3.4b and 3.5b we nd that linear model with Cauchy strain tensor
always yields linear behaviorsi.e., the output is always proportional to the input
and no matter the input is force or displacement. However, sb behaviors will not
happen in real rheological objects when the deformation i®ting large. This is
the limitation of the linear model. The nonlinear modeling $ therefore necessary
to cover such large deformation. Figure3.4c and3.5c show that output behaviors
simulated with Green strain tensor do not have the proportioal relationship with
the inputs of both forces and displacements. When the inputsike small values
(e.g., Dis=0:01m in Fig. 3.4 and F=0:01N in Fig. 3.5, the outputs behaviors
simulated by Cauchy and Green strain tensors have small dirences. However,
the di erences increased with the increase of input valuessashown in Fig. 3.4
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Figure 3.4: FE simulations of rheological behaviors undemanput of di erent

displacements, where the FE models were formulated with (auchy and (c)
Green strain tensors.

and 3.5, Apparently, the simulation results with nonlinear Green wain tensor
demonstrate more natural behaviors when the deformation bemes large.

In order to further compare the ability of both models for hadling defor-
mation with rotation motion, pushing and rolling simulations with both models
were performed. An object with circular shape is pushed doward by an exter-
nal instrument for 5 seconds with a constant velocity of :01 m/s and then the
instrument starts to move left for another 5 seconds with theame velocity. The
instrument is then moved upward and let the deformation to reover. The total
simulation time is 15 seconds. The material properties of ¢hobject are repre-
sented by a parallel ve-element physical model with paranters: E; = 200 Pa,
E, = 500 Pa, c; = 8000 Pas, ¢, = 5000 Pas, andcz = 100 Pas. Several simu-
lation snapshots using both models are given in Figs.6 and 3.7, respectively.
From Fig. 3.6, we nd that linear Cauchy strain tensor results in some strage
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Figure 3.5: FE simulations of rheological behaviors undemanput of di erent
forces, where the FE models were formulated with (b) Cauchynd (c) Green
strain tensors.

behaviors when simulating deformation with rotation motim. The triangular
mesh of the object is expanded during rolling motion which slild not happen
in a real world object. After recovery, the object become muadbigger (Fig. 3.6d)
comparing with the initial shape (Fig. 3.6a). On the other hand, the object
simulated with nonlinear Green strain does not show such singe behaviors, as
shown in Fig. 3.7. We therefore conclude that the nonlinear Green strain teons
provide more natural deformation behaviors comparing witlinear Cauchy strain
tensor for dealing with large deformation and rotation. Thanodeling of contact
between a rheological object and an external instrument siva in Figs. 3.6 and
3.7 will be introduced in the next chapter.
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Figure 3.6: Simulation snapshots of a rheological object glied and rolled by
an external instrument, where the model of the object was fowlated by linear
Cauchy strain tensor.

3.3 FE Formulation with the Dual-Moduli Vis-
cous Elements

As presented in Chapter 2, a ve-element physically-based adel with two dual-
moduli viscous elements can yield simultaneous reproduatis of both rheological
forces and deformation behaviors. Now, let us extend the 1[Chysically-based
model to a 2D FE dynamic model.

Recall that a stress-strain relationship in a Maxwell modeis described by
Eq. 3.17 Thus, replacing viscous coe cientc by dual-moduli viscous coe cient

+ ¢, we have the stress-strain relationship in a Maxwell modelith a dual-
moduli viscous element as:

- +E: (3.58)

Then, by performing the same replacements for deriving 2D Riodel (Eq. 3.25,
we have a 2D FE formulation with a physically-based model iheding two dual-
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Figure 3.7: Simulation snapshots of a rheological object ploed and rolled by an
external instrument, where the model of the object was forntated by nonlinear
Green strain tensor.

moduli viscous elements shown in Fig2.% as:

El — ela ela .
F—1+71+C1F1—( 1+ 7 )W
E, + ip =( %) + $RJ)u:
=2 S+ G 2 2 2 , (3.59)

Fa=( 50 + 3 )w;

FO0 = Fi+ Fa+ Fa;

This formulation also can be easily extended to 3D cases anddels with the
Green strain tensor as well by performing similar replacemes as we did here.

3.4 Concluding Remarks

In this chapter, the formulations of FE dynamic models for snulating rheologi-
cal behaviors were presented. We started from a 2D formulat of elastic model
based on generalized Hooke's law and linear Cauchy straimser. The FE for-
mulation of elastic deformation was then extended to 2D rhémgical model and
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further extended to handle 3D rheological deformation. Siatation results were
given. In FE model with linear Cauchy strain tensor, the conection matrices are
constant and can be prepared in advance which can yield moreient calcula-
tions comparing with nonlinear models. However, FE model th linear Cauchy
strain tensor is not suitable for simulating large deformabn and rotation. We
have therefore introduced nonlinear Green strain tensor tmodel large deforma-
tion and rotation. The derivation of FE model with Green stran tensor was
presented. It also starts from the formulation of elastic dermation and further
extended to rheological deformation by performing a series replacements. Sim-
ulation results using FE models with Cauchy and Green straitensors were then
given to compare the di erences between both models. We fadinhat the FE
model with nonlinear Green strain tensor yields more natutébehaviors when
dealing with large deformation and rotation. However, sirethe connection ma-
trices are no longer constant, we are not able to prepare tleematrices in advance
and have to calculate them in every time step. This makes theEFsimulation with
nonlinear Green strain tensor very time-consuming. At lastwe also presented
FE model with a ve-element physical model which includes tev dual-moduli
viscous elements.

55



Chapter 4

Modeling of Non-Uniform Object
and Contact Interaction

The FE dynamic models presented in the last chapter are baally used to sim-
ulate uniform and isotropic objects. However most objectsnithe real world
are not uniform and may include several di erent layers withdi erent material

properties. In addition, a contact interaction between an loject and an external
instrument may often happen during handling or manipulatio. We therefore
investigate the modeling of non-uniform layered objects dncontact interaction
between a rheological object and external instruments in ik chapter.

4.1 FE Modeling of Non-Uniform Layered Ob-
ject

When we started to model non-uniform objects, the rstideaame to our mind is
to set di erent parameters to each triangle. However, thisdea does not work well.
If we look at the dynamic equations presented in the last chégr, for instance, Eq.
3.25 we nd that all the parameters are associated with nodal pais rather than

triangles. In other words, the physical parameters in our FEnodels are point-
wise instead of triangle-wise, which makes the di culty of boosing appropriate
parameters for the boundary nodal points between two layemshen dealing with
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Figure 4.1: Modeling strategy for non-uniformed layered géct.

layered objects. We have therefore proposed the followindea for modeling non-
uniform layered objects.

Considering a two-layered object with di erent material pioperties in each
layer, we arti cially separate this non-uniform layered olpect into two uniform
objects with their own properties during simulation, as shen in Fig. 4.1 Note
that the boundary nodal points on both layers {.e., the hollow nodes on the top
layer and the solid nodes on the bottom layer) always have tlsame displacements
(as they are in fact the same points)i.e.:

ubot = yop: (4.1)

The modeling of this layered object can therefore be dividadto the modeling of
two uniform objects with a displacement constraint on the boendary nodal points.
As shown in Fig. 4.1, we imposed the displacements of the top boundary points
onto the bottom boundary points during simulation by applyng a displacement
constraint of Eqg. 4.1 Using the CSM, this constraint can be formulated as:

(U bott ) top) +21 (LPOH l_jop) + 1 2(ubott utop) =0: (4_2)
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Figure 4.2: Deformed shape of a two-layered object with saftaterial in the top
layer.

Accordingly, the constraint forces generated on the bottorboundary points are
reacted back to the top boundary pointsj.e., F°° = FPt By integrating Eq.
4.2into the dynamic equations of the object on the bottom layerad substituting
F'°P as an external force into the dynamic equations of the objeon the top layer,
we can derive an FE model for simulating rheological behav&of a non-uniform
layered object. A typical deformation behavior of a two-lagred object is shown
in Fig. 4.2, where the top layer is three times softer (all parameters arthree
times smaller) than the bottom layer. Another example, as siwn in Fig. 4.3, is
a semi-spherical object made of two types of materials (deted by solid and dash
line, respectively) grasped by a robot hand. We can see thaiiomodeling method
demonstrated natural behaviors of non-uniform layered obg¢ts. In addition, this
2D FE model can be easily extended to a 3D case by changing th@ngular
meshes to tetrahedral meshes and addingaxis components to all the vectors
and matrices.

4.2 Contact Modeling

The contact modeling is always required when dealing with t@ractions between a
deformable object and an external instrument and is importa for many applica-
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Figure 4.3: Deformation behaviors of a semi-spherical olsfemade of two types
of materials grasped by a robot hand.

tions, such as food manufacturing simulation and surgicaperation. Depending
on the contact area between the object and the external ingtment, we roughly
divide contact models into two categories, as shown in Figd.4 The modeling
of these two kinds of contacts, however, is quite di erent. i wide area contact
(Fig. 4.4a), contact modeling only requires a detection of contact nmeent and

a constraint condition between the instrument and the objdccan then be im-

posed. On the other hand, in small area contact (Fig4.4b), the object needs a
remeshing or at least a local remeshing to ensure that the ¢aot nodes on the
instrument are coincided with some nodes on the object. Otheise, the instru-

ment and the object may penetrate each other in some regions the following

subsections, we will investigate the contact modeling of Hocategories.

421 Wide Area Contact

In the modeling of wide area contact, we should keep the obfjaonesh unchange
and only focus on the detection of contact moment, losing ctact moment, and
imposing constraints on the contact nodes.

59


Chapter3/Chapter3Figs/figure4p3.eps

4.2 Contact Modeling

C C
A \
N \
\\ A \\
AN
AN — A B
A TP T B Q-7 p”’
=== 7

(@) (b)

Figure 4.4. Two kinds of contact models: (a) wide area contaand (b) narrow
area contact.

4211 Contact Moment Detection

As shown in Fig. 4.4a, the object and the instrument are constructed by trian-
gular meshes. Since the instrument is assumed to be rigid, w&n use a simplest
mesh (only two triangles) for its modeling. During simulain, the instrument is
moving downward with a constant velocity to compress the obgt with a speci c
displacement. We virtually connect one node P on the objectith three nodes
of a triangle (4 ABC) on the instrument to construct three triangles: 4 PAB,
4 PBC, and 4 PCA. Let 4 P;P;Pyx be an arbitrary triangle with three vertices:
Pi, P;, and Pc. Coordinates of these vertices arex; yi], [X;;y;], and [Xg; Ykl
respectively. We de ne a signed area of a triangle as:

2 3
1 yj Yk
4 PiPiP= SDxiixiixd4 v yi S (4.3)
Yi ¥

This signed area is positive if the triangular loop (the ordeof the three vertices
of a triangle) is counter clockwise while is negative if thebp is clockwise. Now,
let us check the signed areas of the trianglesPAB, 4 PBC, and 4 PCA shown
in Fig. 4.4a, we nd that the area of 4 PAB is negative. However, once the nodal
point P is located on any edge or inside of the triangké ABC, each signed area of

60


Chapter3/Chapter3Figs/figure4p4.eps

4.2 Contact Modeling

above three triangles will became zero or positive. This caerve as a criterion to
detect the contact moment and start the contact constraint.In every time step,
we check all the nodal points on the object to see if any of theis in contact
with the instrument or not. The algorithm can be roughly desdbed as follows:

In each time step
for loop: each nodal point on the object (node P for instance)
for loop: each triangle on the instrument4 ABC for instance)
if4PAB 0Oand4PBC 0Oand4PCA O
Start contact;

end if, for.

4.2.1.2 Constraints for Contact Nodes

Once the instrument was in contact with the object, the contet points on both
instrument and object would have the same displacement anehocity. Let vI's,
v uits and u be the velocity and displacement vectors of the contact pdim
on the instrument and object respectively after contact moent. Using CSM, a
set of constraint equations are formulated as:

CT(MY Y'Y+ CT[20 (vO vy + 12 uhs)=0; (4.4)

where constant matrix C denotes which nodal points on the object are in con-
tact. Note that vectors vI" and ui"™ of arbitrary point on edge AB (Fig. 4.4a)
can be obtained from velocities and displacements of veig A and B by using
interpolation. Combining Eq. 4.4 with the FE model presented in Chapter 3, we
are able to simulate the contact interaction between a rheagical object and an
external instrument.
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4.2.1.3 Losing Contact and Switching Parameters

Once the instrument started to move back after pushing and hding operations,
we at rst thought that it is necessary to determine the losig contact moment
and then release the constraint accordingly. However, weuiod out that we do
not have to do that and our contact model has an ability to autmatically lose
the contact as long as the instrument started to leave the ob¢t. Let us recall
the idea of our contact model and dig a little bit deeper. Durig each time step in
simulation, if any nodal point on the object is located insid the instrument, it will
be pushed down to coincide with the instrument boundary aftehis time step due
to the CSM constraint. Note that this pushing down action wil happen in next
time step but not in the current time step. In other word, the CSM constraints
for the points in contact are always performed one time stepter than the time
step where the contact happens. Now, let us consider the logicontact situation.
When the instrument started to move back, the object will ale start to recover.
If the recovery rate of the object is faster than the rate of istrument moving
back, the contact is still in e ect. However, the recovery rege of the object is
always decreasing with time. In a certain time step, once threcovery rate of the
object is slower than the moving back rate of the instrumentthe nodal points
in contact will be located outside the instrument boundary.This separation will
happen because the CSM constraints are always one time stepel than the
detection of contact as we just discussed above. Once the aegion happens,
the contact constraint therefore will be automatically retased. This made our
contact model much simple and natural.

According to the above discussion, the moment of in contachd losing contact
can be determined without explicitly using of simulation tme. This can also
serve as a good criterion for dual-moduli viscous element switch parameters,
as discussed in Section 2.5. We therefore use a ag to memerike contact points
and to serve as the criterion. The algorithm for contact modig now becomes:

In each time step
for loop: each nodal point on the object (node P for instance)

Initialize: ag(p)=0;
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for loop: each triangle on the instrument4 ABC for instance)

if4PAB Oand4PBC O0Oand4PCA O
ag(p)=1;
Start contact;
end if, for

We will switch the parameters when all contacting points Iastheir contacts. The
switch function now becomes:

n .
_ 1 ag(p)=0 8p 2 object;
1 otherwise (4.5)

Now, we are able to perform the contact simulation with the pa@ameter switching
strategy to reproduce both rheological force and deformaitn behaviors. The next
subsection will demonstrate some simulation results to siothe ability of our

contact model.

42.1.4 Contact Simulation

Using the proposed FE contact model, we are able to simulatefdrmation behav-
iors of the rheological objects undergoing a compressinglding, and releasing
procedures. The rst example is a semi-circular shaped olojedeformed by a at
squared instrument. Total simulation time is 16 seconds. Thinstrument moves
down 25mm in rst 4 seconds with a constant velocity. Then, th instrument
stops pushing and maintains the deformed object for anothet seconds. The
instrument then moves back to the original position within 4seconds. After the
instrument moves back to the original position, the objecttdl has 4 seconds to
recover. Some snapshots of simulation results are shown iigF4.5 where the
FE model with dual-moduli viscous elements is employed. Athe parameters
used here are estimated from real Japanese sweets matergdd how to estimate
these parameters will be discussed in the next chapter. Torapare the di erent
performance, simulation snapshots of FE model without duahoduli viscous el-
ements are also given in Fig4.6. We can easily see the di erences between Figs.
4.5and 4.6. At simulation time 8:2's, the instrument and object has lost contact
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Figure 4.5: Simulation snapshots of a semi-circular objepuished down by a at
squared instrument with parameter switching strategy.

in Fig. 4.5d but still in contact in Fig. 4.6a. The nal recovered shapes of both
cases are also quite di erent. The deformation recovery tak longer time if we
do not use the dual-moduli viscous elements.

The second example is a circular object operated by two extel instruments
with one from the top and another one from the bottom, as showin Fig. 4.7. The
bottom instrument is static and the top instrument is movingdown to push the
object. Figure4.7b showed that the object have already deformed and contacted
with the bottom instrument due to gravity before the top instrument touches
the object. The nal recovered shape is also not symmetricaklative to the
horizontal axis due to the gravity. Figure4.7 shows the simulation results of FE
model with dual-moduli viscous elements. Some snapshotssirhulation results
without dual-moduli viscous elements are also given in Fig4.8 to show the
di erences. In addition, simulation results of contact moel also can be found in
Figs. 3.5and 3.6in the last chapter.
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Figure 4.6: Simulation snapshots of a semi-circular objepushed down by a at
squared instrument without parameter switching strategy.

4.2.2 Narrow Area Contact

Di erent with wide area contact, the modeling of narrow areacontact requires
either a global remeshing or a local remeshing because theitect area of the
instrument is smaller than the area of the object as shown ini§. 4.4b. More-
over,same with wide area contact, narrow area contact alseeds a detection
of contact moment, which will serve as a trigger to start the erformance of
remeshing.

4.2.2.1 Object Remeshing

In order to generate triangular mesh automatically, we havemployed a MAT-
LAB toolbox of 2D meshing routines named MESH2D, which allogsvautomatic
generation of unstructured triangular meshes for generaD2geometry. For us-
ing MESH2D, one all need to do is to provide some boundary ptsnwhich can
best describe the object shape (piecewise linear geometnput). By setting
some parameters, we also can control the mesh resolution pesify some special
nodal points and some special connections between some nquants. In our
application, we only use the basic function and input severdoundary points
into MESH2D. In every time step during integration, we perfam the following
processes:

1. Perform the contact detection to see if the instrument andhe object are
in contact or not. If it is not in contact, jump to step 2. If it i s in contact,
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with parameter switching strategy.

jump to step 3 and perform the steps followed.

2. Using the initial triangular meshes for both object and tk instrument to

F :1‘:...:i:%‘fn..::t:¢‘:...:i:é:...:i:.’t:...

(f)16s

calculate all the variables and nish the calculation for ths time step.

3. Remember the current coordinates of the contact points dhe instrument.
These points and the initial boundary points will serve as aet of new

boundary points to generate the new mesh.

4. Perform the remeshing using MESH2D and recalculate allehrequired ma-

trices, such as the inertial matrix and connection matrices
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Figure 4.8: Simulation snapshots of a circular object opeed by two instruments
without parameter switching strategy.

5. Use the new mesh and new matrices to calculate all the varlas needed
to be integrated and nish the calculation of the current time step.

Note that since the remeshing and calculations of conneationatrices, which are
usually quite large, must be performed inside the time integtion, this contact
simulation with remeshing is quite time-consuming.

4.2.2.2 Contact Simulation with Remeshing

A simulation was conducted to show the performance of narroarea contact
model with remeshing. A 2D squared object was deformed by astrument whose
contact area is a quarter of the contact area of the object. Ehinstrument and the
object have an initial distance of @ m. The instrument was moved down @ m
from the initial position in 2 seconds with a constant veloty. Before releasing, the
deformed object was maintained for 2 seconds. Then, the instnent was moved
back to its initial position in 2 seconds with a constant veloity. After this, the
deformed object still had another 2 seconds to recover. Thetal simulation time
is therefore 8 seconds. Several simulation snapshots areegiin Fig. 4.9. We
can see that the instrument starts to contact with the objectat the moment of
1s and the two contact points in the instrument are not coincie with any nodal
point on the object. In the next time step, the object is remdsed and now two
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Figure 4.9: Simulation results of narrow area contact withemeshing.

new points on the object are generated and are coincided withe corresponding
nodes on the instrument. The constraints are then imposed ahese contact
points to perform the contact simulation.

4.3 Concluding Remarks

In this chapter, the modeling of non-uniform layered objestand contact inter-
action between rheological object and external instrumentere formulated. We
arti cially separated a non-uniform layered object into sgeral uniform ones and
performed the uniform simulation independently. The non-uiform behaviors
were then obtained by imposing a constraint on the nodal pdis of the boundary
between both layers. This idea works very well for di erentlsaped objects. For
modeling of contact interaction, we roughly divided the calact models into two
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categories depending on the contact areas of the object arfietinstrument. For

wide area contact, the only thing we need to do is to detect theontact moment

and then impose constraints on the contacting points. Howev for narrow area
contact, we have to perform object remeshing or at least lolcemeshing during
the simulation. To conduct the remeshing, we need an automatmesh genera-
tion during simulation. This can be done by using a MATLAB todbox named

MESH2D. In each time step, the detection of contact moment ialso performed.
Once the contact starts, the remeshing is performed and theéhe constraints are
also imposed on the contact nodal points. Simulation resgltwere performed to
demonstrate the performance of both contact models.
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Chapter 5

Parameter Estimation

In order to accurately simulate the behaviors of real objest the properties (phys-
ical parameters) have to be determined in advance. Howevehe estimation of

those parameters is a challenging work, especially for ritegical objects which

always yield residual deformation after a loading-unloadg operation. These es-
timated parameters have to be able to regenerate the rheologl force, deformed
shape €.g, the held-shape) during the operation and the nal deformedhape

(the nal-shape) after recovery as well. This chapter intrauce the methods used
in our work to estimate physical parameters for simultaneaureproductions of
both rheological forces and deformation, especially thesidual deformation be-
haviors. At rst, let us investigate the contributions of mesh resolution and each
parameter to the rheological behaviors based on 2D FE simtitan.

5.1 FE Simulation Analysis

Let us take the FE model presented in Section 3.1.2 as an exdmpo perform the
simulation analysis. This 2D FE model includes 6 unknown pisycal parameters,
i.e., Young's moduli E4, E,, viscous modulic;, ¢, c3, and Poisson's ratio . We
suppose that a 2D at-squared object with a size of:08 m 0:08 m was xed on
the ground and the entire top surface was pushed down with amstant velocity
of 0:002m/s during time 0 to 10 seconds. This time period is refexd to as
pushing phase. The deformation was then held for 10 secondsfdre releasing.
Similarly, this time period is referred to as holding phaseThe deformed shape
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5.1 FE Simulation Analysis

in this phase is called held-shape accordingly. After relgiag the constraint,
the deformed object still has 20 seconds to recover from thefdrmation. The
deformed shape in the end of simulation is referred as nahape accordingly.
Therefore, the total simulation time is set to 40 seconds. $h pushing and
holding procedures are used throughout our simulation analis and similar ones
are also employed in our experimental validations. One maglkwhy we use this
simple simulation or experimental setups. We believe thatrstly the material
properties (physical parameters) will not di er even thoudp the object may have
di erent sizes or shapes or may be subjected to di erent opations. Secondly, if
we could estimate all the parameters by using a simple setuiiiere would be no
problem to estimate them using more complicated setups. Novet us see how
the mesh resolution and physical parameters will a ect theiswlation behaviors.

5.1.1 Contribution of Mesh Resolution

As we all known, mesh resolution in FE simulation signi carlly a ects the sim-
ulation cost and the simulation accuracy as well. In a certaiapplication, we
therefore have to compromise between time cost and simulai accuracy. Since
the objects with at-squared shape are used in most of our sirtations and ex-
perimental tests, it is necessary to investigate the in uere of mesh resolution on
our applications. Simulation results with di erent mesh reolutions are given in
Fig. 5.1, where mesh resolution 2 2 means the width and height sides are both
divided into two segments. From Fig.5.1, we can see that the mesh resolution
of 4 4 is ne enough to simulate the behaviors for this simple sefu Finer
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Figure 5.1: Simulation results with di erent mesh resolutbns.
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5.1 FE Simulation Analysis

mesh resolutions do not yield signi cant di erence in both érce and deformation
behaviors. We have therefore employed 4 4 mesh resolution throughout our
simulations and parameter estimation processes.

5.1.2 Contributions of Young's Moduli

Figures 5.2 and 5.3 show simulation behaviors using di erent Young's modulE,
and E,, respectively. We can see that both elastic moduli have silai in uences
on the rheological behaviors. Larger values of those modyiield larger force
amplitudes in the pushing phase and faster decay in the hoidj phase. This
can be explained by Eqs2.20and 2.21, where the value ofEj=¢ determines the
increasing and decreasing speed of force amplitude duringsping and holding
phases respectively. Note that the held-shapes with di en¢ Young's moduli
are exactly the same. On the other hand, the nal-shapes areedendent on
these moduli. Larger values resulted in larger residual (peanent) deformation.
Considering the ve-element physical model (the last row oFig. 2.2b), during
pushing phase, all elastic elements (denoted I, and E,) and viscous elements
(denoted byc,, ¢, and ¢3) are compressed with some deformation. During hold-
ing phase, the total deformation of the object is kept unchage. However, the
deformation generated in the elastic elements will change the deformation of
viscous elements, which also yields the force relaxatione@fuction) behavior in
holding phase. Larger elastic modulii, or E;) therefore produce bigger defor-
mation changing rate and nally yield larger residual defamation in a certain
time period.
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Figure 5.2: Simulation results with di erent Young's moduls E;.

72



5.1 FE Simulation Analysis

ey
k%o /,,—""., — Bttt o Egi%etit — Egtitid
X e 759?? : 2 — Egicti - Eqrctitid
N / \ %o
;1 e N T Eg:
o (’ i
G| \
S /
/ /
s S
£ ;i/ _________
i/ |
i, e
g3 ® TE L CE | et B S S SO I S SOl SN, M UG SO TP SO i 5 1 e 5 T S S S
WAAYEWZE” | ®:A>EiwizA” ®A»E¢W2A N
o EWYe EEC Y, LEw Ve A, Bl i €swi e AA: A,

Figure 5.3: Simulation results with di erent Young's moduls E.

5.1.3 Contributions of Viscous Moduli

Figures 5.4 and 5.5 show di erent simulation behaviors using di erent viscous
moduli ¢; and ¢,, respectively. We can see that parameters and ¢, also have
similar in uences on the rheological behaviors. Larger vaés ofc; and ¢, yield
larger force amplitudes in pushing phase and slower decayhnolding phase. Ex-
planations also can be obtained by looking at EQ®.20and 2.21 Similarly, both
parametersc; and ¢, do not a ect deformed shapes during holding phase. How-
ever, larger values ot; and c, yield smaller residual (permanent) deformation.
During the holding phase, larger viscous modud; and ¢, actually will slow down
the deformation changing rate. Therefore, less deformatiowill be changed to
viscous element and more deformation will be recovered afteeleasing, which
results in less residual deformation.

Figure 5.6 shows di erent simulation results with di erent values of viscous
modulus c;. If we compare Egs. 2.20 and 2.21 at time t, (10s in this case),
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Figure 5.4: Simulation results with di erent viscous modulis c;.
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Figure 5.5: Simulation results with di erent viscous modulis c;.

we nd that c,+1 (C3 in this case) is responsible for the sudden drop in force
at time t,. The force behaviors in the holding phase are the same with elient
parametercs, as shown in Fig.5.6a. Once again, the held-shape is not dependent
on parametercs. However, ¢z has a little e ect on the nal-shapes but not in

a signi cant way, as shown in Fig. 5.6c. Since parameterc; does not a ect
simulated behaviors in a signi cant way, one may ask why we ka to include
this viscous element in our FE model. Actually, without usig parametercs, we
are still able to reproduce rheological force and deformatn. However without
using cs, vibration always happens in both force and displacement ore after
releasing, as shown in Fig2.7b. A small value of parameterc; can remove this
vibration and without changing the simulated behaviors sigi cantly.

+ B :

q s —cgTtt —cguatt :2

7 —C&"%ofF - cgmetit 2

w

-~

3

<

N

>
:j‘.t :‘(E :”‘:t . :”‘:E %o F %0:E :t':,,:‘:...: T [ TS T SO F%o .. : :...:‘:<: S :'*:' ‘:..: TS IS = T SR = TS 3 SO 'i:...:£:<

AAYEwWZE” N “®A»E:

oL w2 EEC Y, -1€w(,1/4A» o :C:Ya -°€w1/zAA CALE

Figure 5.6: Simulation results with di erent viscous modulis cs.
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Figure 5.7: Simulation results with di erent Poisson's rato

5.1.4 Contribution of Poisson's Ratio

Figure 5.7 shows di erent simulated behaviors using di erent values foPoisson's
ratios . We can see that parameter a ects all the rheological behaviors: force,
held-shape, and nal-shape. Larger parameter results in larger force responses
and larger transverse deformation behaviors but does not act the normal de-
formation in both held-shape and nal-shape. This coincidewith the de nition

of Poisson's ratio,i.e., a ratio between the transverse strain and axial strain. We
summarize the in uences of all physical parameters ( ve-ement physical model
for instance) on rheological behaviors in TablB.1 Interestingly, we nd that only
Poisson's ratio a ect the held-shape and all the other parameters do not a dc
this shape at all. This feature allows us to estimate Poiss@nratio separately.

Table 5.1: In uences of physical parameters on rheologicaEhaviors
Force in Force Held- Final-

pushing relaxation shape shape

Parameter

E1
E>
G
C2
Cs
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5.2 Parameter Estimation Based on Inverse FE Optimization

5.2 Parameter Estimation Based on Inverse FE
Optimization

Parameter estimation of deformable objects has been studietensively, as pre-
sented in Chapter 1. One popular and robust method is based @ptimization,
which aims at minimizing the di erence between simulation o calculation re-
sults and experimental measurements. When the simulationr @alculation is
performed by using FE model, this optimization process is ually called inverse
FE optimization (Fig. 1.3), i.e., the FE simulation or calculation is iterated with
updated physical parameters until the di erences betweerhe simulation and ex-
periment becomes minimal. In our work, this method was alscsad to determine
the physical parameters of rheological objects. Howeveruel to the presence
of residual deformation, accurately reproductions of bothheological forces and
residual deformation are quite challenging and parametes&émation for captur-
ing both force and residual deformation is also quite dicul. In order to deal
with this problem, we rstly proposed a parameter estimatio method with the
following three steps:

1. Minimize the held-shape to estimate Poisson's ratio;
. P :
2. Calculate the summation ., ¢ to approximate the nal-shape;

3. Minimize the force di erences to estimate the remaininggrameters with a
constraint of summation ., ¢ from the second step.

The details about each step will be presented in the follongnsubsections.

5.2.1 Estimation of Poisson's Ratio

As we discussed in the last section, only Poisson's ratioa ects the held-shape

and other parameters do not a ect this shape at all. We can tlrefore estimate
separately by minimizing the di erence of held-shapes beeen simulation and

experiments. The objective function used for this optimiz#on is given by:

xn .
E()= kx{™() xPOK% (5.1)

i=1
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5.2 Parameter Estimation Based on Inverse FE Optimization

wherex$™ () and x*® are the displacement vectors from simulation and exper-
iment, respectively. Scalam = 2N with N be the total number of nodal points
calculated in this optimization problem. The optimizationis terminated when
the tolerance on the function valueE( ) is less than 1 10 *? or the tolerance on
parameter is less than 1 10 °. Optimization results will be presented in the
next chapter and we can nd a global minimum for this optimizaion problem
actually.

5.2.2 Calculation of the Summation of Viscous Moduli

As we discussed in Section 2.3.3, we can calculate the residstrain by using
the integration of stress history and the summation of vises moduli, as given

in Eq. 2.27. By extending this 1D equation to 2D case, we have
Z

1 tp+th

i=1

where
1

Sa+oa 2y Taae )

Note that the residual displacementsuy (1 ) and force history F(t) can be ob-

tained from experimental measurements. MatriM can be prepared in advance

and it only depends on the initial geometrical coordinatesral Poisson's ratio
. Therefore, Eq. 5.2 allows us to calculate the summation of viscous moduli
"*! ¢ and this summation can be used as a constraint during the estation of

other parameters. Since the residual displacements, (1 ) was included in this

calculation, the calculated value o i”:ll ¢ would guarantee a good reproduction

M = J+ J

of nal-shape. Validation results will be presented in the ext chapter.

5.2.3 Optimization of Force Dierences Based on ltera-
tive FE Simulation

After the rst two steps as presented in the above, we have estated one pa-
rameter and one constraint of ' ¢. Considering the FE model with the
parallel ve-element model as an example which totally incldes 6 physical pa-

rameters, we still have 4 independent parameters to be deteined. This can
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5.2 Parameter Estimation Based on Inverse FE Optimization

be accomplished by minimizing the di erence in rheologicdbrces between sim-
ulation results and experimental measurements. The objeée¢ function of this
optimization problem can be formulated as:

E(C )= § kEE™ () PPk (5.3)
i=1

where vector  consists of the parameters to be determined. Vectd™ is
the force measurements from experiments at theth sampling time and vector
fsm () is the force response during simulation with parameter . The threshold
used to terminate the optimization is the tolerance orE( ) or the tolerance on
less than 1 10 . In both optimizations presented in the rst and third steps
the optimization toolbox of MATLAB and \Nonlinear Least Squares" method

were employed to minimize the objective functions.

From Eq. 5.3 we can see that this optimization process involves iterag
FE simulations, which is usually time consuming. Based on oexperiences, this
optimization process takes hours or days depending on theitial setting of the
parameters. However, this simulation-based optimizatiois quite robust. As long
as the simulation can be done, this optimization process céxe performed as well
and it does not require any special treatments of the physicanodels. We have
tested this method with di erent physical models and it works well.

5.2.4 Optimization of Force Dierences Based on Calcu-
lations

As presented in Section 2.3.2, the analytical expressiongstress in pushing and
holding phases can be formulated as given in Eg8.20and 2.21 Extending these
two equations from 1D to 2D case, we have

X Ei,
F(t) = Gl es MvE"™h 0 t t) (5.4)

i=1

X iy St tp) Push
F(t) = Gl esPecda M v"™, (tp t  tp+th); (5.5)
i=1
where vectorvfUsh consists of velocities of all nodal points during pushing pise.
We assume that this is a constant vector which corresponding the constant
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5.2 Parameter Estimation Based on Inverse FE Optimization

velocity p used in Egs.2.20and 2.21 During the pushing phase, if we push the
top surface of the object with a constant velocity and if thispushing velocity
IS not signi cantly big, this assumption can be satis ed. Afer we estimated the
Poisson's ratio , vectorv{'s" can be easily obtained by performing the simulation
in the pushing phase with all the other parameters taking aitrary values since
these parameters do not a ect the deformation behaviors ding pushing phase.
Based on Egs.5.4 and 5.5, we are able to calculate the force responses during
both pushing and holding phases and these calculated foras be then used in
Eq. 5.3 (instead of the simulated forces) to perform the force optimation. Since
now there is no iterative FE simulations involved in this opimization process, we
can obtain a optimal solution within only several seconds gending on the initial
setting of parameters. However, this method only can be usedparallel physical
models in which force expressions can be analytically dexd. For other physical
models, such as serial models, this method cannot be used amhave to perform
simulation-based optimization instead, as proposed in thast subsection.

In some applications, if we only focus on reproducing forceebaviors, the
second step proposed in Section 5.2.2 can be ignored and altgmeters except
Poisson's ratio should be included in the force optimization (the third step.
This will yield the best performance of force reproductionBut at the same time,
we have to sacri ce some accuracy of the reproduction of nalhape. Detailed
validation and discussions will be presented in the next chger accompanying
with various experimental results and comparisons.

5.2.5 Parameter Estimation of FE Model with Dual-Moduli
Viscous Elements

In the above discussions, we supposed that only one set of graeters was used
in the FE model. However, due to the linearity of the physic# based models
(e.g, the parallel ve-element model), it is di cult to reproduc e both rheological
forces and residual deformation simultaneously for most eblogical objects. We
have therefore introduced a dual-moduli viscous elementtanour FE formulation,

as presented in Section 3.3. This dual-moduli viscous elemdas an ability to

switch two parameters from one to the other during simulatin. It can successfully
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5.2 Parameter Estimation Based on Inverse FE Optimization

capture both rheological deformation and force behaviorsnaultaneously. We
have also proposed that the simulation time and losing conttmoment can serve
as a criterion to start the parameter switching.

Note that we usually switch the parameters at the moment whethe oper-
ation is nished and the external instrument start to leave he object. During
the operations €.g, pushing and holding), the deformation only depends on the
Poisson's ratio . This suggests that we can use the estimated parameters by
force optimization to reproduce both rheological force andeformation during
operations. However, this set of parameters cannot guaras accurate reproduc-
tion of residual deformation at the same time. We have therefe employed the
dual-moduli viscous element to switch parameters when cat was lost. Since
parametersc dominate the residual deformation as shown in Eg5.2, we only
need to switch parameters; for capturing residual deformation. For example,
we suppose the viscous moduli estimated by force optimizaiti asc°2 which will
be used during operation (loading). We named another set ofseous moduli as
cinlead “which will be used after operation (unloading). Our idea iso use those
ginlead a5 unknown parameters to optimize the di erence of nal-shaes between
experiments and simulation. Note that during this optimizadion the parameter
doad will be switched to ¢'"°a automatically when the deformation starts to re-
cover. The objective function of this optimization problemcan be formulated
as: s |

E(Ciunload) — kXiSIm (Cl_unload) Xiexpk2: (5.6)
i=1
After having ¢'"°ad we can easily determine the parameters used in the dual-
moduli viscous elements by using the following equations:

G+ = g™

unload

G i =G

(5.7)

Estimation results of FE model with dual-moduli viscous elaents for objects
made of Japanese sweets materials will be presented in thexnehapter.
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5.3 Concluding Remarks

5.3 Concluding Remarks

In this chapter, the parameter estimation methods were prested for capturing
both rheological forces and deformation behaviors simultaously. At rst, FE
simulations were performed with di erent mesh resolutionand physical parame-
ters to investigate the in uence of these factors on the sintation behaviors. We
found that a 4 4 triangular mesh is ne enough for the simple setup used in ou
parameter estimation procedures. We also found that only &son's ratio a ect
the held-shape and all the other parameters do not a ect thishape at all. This
allows us to estimated Poisson's ratio separately by minimizing the di erence
of held-shapes between simulation results and experimehtaeasurements. We
have therefore proposed a three-steps estimation methodxdept estimgting
(the rst step), we also calculate the summation of viscousae cients ', G
(the second step) by using the measured data of force and nshape. This sum-
mation was then served as a constraint during estimating thether parameters
(the third step) by minimizing the force di erences. Depenthg on the force re-
sults obtained from FE simulation or straightforward calclation, the third step
can be perform in two di erent ways. The simulation-based f@we optimization
is robust and can be used in any model, but it is time-consungnsince iterative
FE simulations are involved. On the other hand, the calculén-based force opti-
mization method is very e cient but only can be used in paralel physical models.
In some applications, these two methods can be mixed to achgethe best esti-
mation results. At last, the parameter estimation method fo FE model with
dual-moduli viscous elements was also presented based oa #bove-mentioned
methods.
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Chapter 6

Experiments and Validations

In the previous chapters, we have presented the FE models apdrameter es-
timation methods for simulating rheological objects, espally focusing on the
simultaneous reproductions of both rheological forces ani@formation behaviors.
In this chapter, we will demonstrate a series of experimenteesults and compar-
isons with simulation results for validating proposed FE mdels and parameter
estimation methods.

6.1 Experimental Setup

As we mentioned before, a pushing-holding-releasing optwoa has been employed
through out our discussions. Such kind of operation is frequtly encountered in
real applications and provides enough information to estiate the physical pa-
rameters included in the FE model. We have therefore perfoed a series of
experiments on two di erent materials using this pushing-blding-releasing pro-
cedure. In order to perform such procedure, a testing device necessary. At the
same time, the force measurements should be recorded for thkkow-up parame-
ter estimation. Experimental setup used in our experiments shown in Fig. 6.1
A motorized stage (KX1250C-L, SURUGA SEIKI Co.) was used to grform the
pushing-holding-releasing operation. Force responses i@ bottom surface of
the object were measured by a tactile sensor (I-SCAN100L, NIA Co.). In ad-
dition, several static images including the initial, defamed, and recovered shapes,
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Figure 6.1: Experimental setup used for compressive tests.

were recorded by a camera (Canon Eos Kiss X2). These measusata were used
to estimate the rheological properties of the object.

6.2 Compression Experiments

Two kinds of rheological materials were tested in our expenents, which are
commercial available clay and Japanese sweets materialsheBe two materials
show typical rheological behaviors under a loading-unloamd operation.

6.2.1 Commercial Available Clay

The commercial clay is available in supermarket and is supped to be played
by kids (the one we used is supposed to be play by children ov&ears old, as
shown in Fig. 6.2a). The clay is made of our, salt, and water mixed with a
special ratio. Several di erent colors are available and we used to distinguish
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(@)

(b) (c) (d)

Figure 6.2: Commercial available clay product (a) and at-quared objects used
in experiments made of di erent colors: (b) red, (c) blue, ad (d) yellow.

(a) v=0.1mm/s (b) v=0.2mm/s (c) v=0.5mm,

Figure 6.3: Flat-squared objects made of white colored clayere compressed
from the center part of top surfaces with di erent pushing véocities.

di erent pushing velocities in our experiments. Several &squared objects made

by di erent colored clays were prepared for compressive tegy, as shown in Fig.
6.2, 6.2c, and6.2d. Some markers were drawn on the object surfaces for conve-
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Table 6.1: Detailed information of compression experimenivith commercial clay

_ Object Object size Push  Push Pushing time
Object weight W H T velo. disp. tp th
ot @ (mm) mm) (mm) (mms) (mm) () ()
red-06 37.75 520 525 120 6 12.07 303.78
red-08 43.36 60.5 60.0 105 0.5 8 16.10 304.78
red-10 4501 58.0 610 105 10 20.12 311.82
blue-06  43.98 60.5 59.0 10.0 6 30.17 311.83
blue-08 45.04 61.0 595 10.0 0.2 8 40.24 321.88
blue-10 43.80 60.5 595 10.0 10 49.29 342.00
yellow-06 46.19 59.0 59.0 11.0 6 58.34 502.94
yellow-08 44.72 595 59.0 10.0 0.1 8 79.46 500.94
yellow-10 45.14 57.5 56.5 11.5 10 98.58 609.57
white-05 46.43 58.0 57.0 12.0 0.5 16.09 369.16
white-02 46.23 60.0 60.5 105 0.2 8 40.24 400.34
white-01 44.08 59.5 58.0 10.0 0.1 79.46 601.52

nient capturing of internal deformation. During testing, the entire top surfaces
of these objects were compressed downward with constantoties. Di erent

colors denote di erent velocities,e.g, red color corresponding to the velocity of
0:5mm/s, blue is Q2 mm/s, and yellow is 01 mm/s. For each color, three ob-
jects were prepared and compressed with di erent displacemts of 6 mm, 8 mm,
and 10 mm, respectively. Measurements of these 9 objects evénen used to es-
timate the physical parameters. In order to evaluate the eshated parameters,
three white colored objects were prepared and compresseahfrthe center part of
top surfaces with di erent pushing velocities but same didacement, as shown in
Fig. 6.3 Detailed information about these experiments with commeral clay was
given in Table 6.1 Experimental trials with di erent pushing velocities (0.1, 0.2,

and 05 mm/s) and di erent pushing displacements (6, 8, 10 mm) werperformed

to investigate how the pushing velocity and displacement a&ct the parameter
estimation results.
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(a) material 1 (b) material 2 (c) material 3

Figure 6.4: Flat-squared objects made by di erent Japanesaveets materials.

(a-1) material 1+2 (a-2) material 2+3 (a-3) material 1+3
(a) layered objects compressed from the top surface

(b-1) material 1+2 (b-2) material 2+3
(b) layered objects compressed from the center of tdacsu

Figure 6.5: Non-uniform layered objects compressed overettentire or at the
center of the top surfaces.
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Table 6.2: Detailed information of compression experimenivith Japanese sweets
materials

Object Object size Push  Push Push Time

Material weight W H T type velo. disp. t, th

(99 (mm) (mm) (mm) (mm/s) (mm) (s) (s)
Mat. 1 5243 580 595 12.0 28.87 182.06
Mat. 2 3297 50.0 50.0 11.0 top 0.2 6 29.68 181.26
Mat. 3 3499 50.0 50.0 11.0 29.97 181.46
Mat. 1+2 66.99 60.0 80.0 11.0 49.29 181.76
Mat. 2+3 69.12 60.0 80.0 11.0 top 0.2 10 49.49 181.47
Mat. 1+3 68.52 60.0 80.0 11.0 49.49 181.97
Mat. 1+2 66.99 60.0 80.0 11.0 center 0.2 10 49.69 181.86
Mat. 2+3 69.12 60.0 80.0 11.0 8 39.13 182.07

6.2.2 Japanese Sweets Materials

Three kinds of Japanese sweets materials were provided byMATU, a sweets
company in Kyoto. Each was made of our, water, and bean powdenixed at
speci c ratios. Three at-squared objects, each composed one material, were
prepared for the compression tests, as shown in Fi§.4. The entire top surfaces
of these objects were compressed at a constant velocity o him/s and with
a displacement of 6 mm. Several markers were drawn on the swés and force
responses and deformed images were recorded. These meamnts were used
to estimate the rheological parameters of these sweets maaés. In addition, to
validate the FE model and the estimated parameters, sevenabn-uniform layered
objects(each made of three layers with two alternating matels) were compressed
over their entire or at the center of their top surfaces, as skwn in 6.5a and 6.50,
respectively. Detailed experimental information using Jesanese sweets materials
is given in Table 6.2 Note that the pushing time t, was quite di erent between
uniform object (about 30s) and layered objects (about 40 or0%) because they
were compressed with the same velocity :@mm/s) but di erent displacements
(6, 8, and 10mm). The holding timety,, however, was quite similar (around 3
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minutes, as shown in the last column of Tablé.2) among these experimental tri-
als. During the experiments, we manually controlled the timt, and concluded
that 3 minutes was su cient to obtain adequate information a force relaxation
behaviors. In addition, the compressing displacements wechosen to be 6, 8,
and 10 mm (see the eighth column of Tablé.2) based on the small-deformation
assumption of generalized Hooke's law. We used the same coesging displace-
ment (10 mm) for the three trials (middle three rows of Table6.2) with layered
objects compressed over their entire top surfaces to inviggte the performance of
our model with di erent material combinations. Additionally, two further trials
(the last two rows of Table 6.2) with layered objects compressed at the centers
of their top surfaces were performed to validate our FE modelnd estimated
parameters with di erent operations and di erent compresa/e displacements (8
and 10 mm).

6.3 Parameter Estimation Results

Generally, the material property of an object will not di er even though the ob-
ject is subjected to di erent operations or it has di erent shape or size. This
feature allows us to use regular shaped objects with simpleighing operations
to estimate their physical parameters. Then, the estimategharameters should
be able to simulate arbitrary shaped objects with any operans. In our ex-
periments, we used at-squared objects pushed on the entitep surfaces with
constant velocities to estimate the parameters. As an exan@pof our step-by-
step estimation method, we show the case of the object made tad colored clay
pushed with a displacement of 8 mm, denoted by red-08 in Tab&l A parallel
ve-element model was employed to model the rheological bahors of this ob-
ject. According to the discussions presented in section 5fdarametercs in the
parallel ve-element model was mainly responsible for elimating the vibration
from the simulation. Based on our experience, a small valud o; comparing
with ¢; and ¢, is enough to remove the vibration and without signi cant e ect on
simulation results of force and deformation. Usually, paraeter ¢c; and ¢, of real
materials have a magnitude about 10or 1° Pas. We have therefore set a value
of 100 Pas to parametercsz in advance. Now, we have 5 unknown parameters to
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Table 6.3: Arbitrary values ofE;, E,, ¢;, ¢, and ¢z for estimating
Case no. E; (Pa) E, (Pa) ¢ (Pas) c, (Pas) c3;(Pas)
tiall 5 1 1 166 2 166 3 100 1 1@
tial2 5 100 1 100 2 100 3 100 1 1@
tial3 5 100 1 16 2 106 3 106 1 1@

Table 6.4: Estimation results for Poisson's ratio
Case Initial Final E() Iteration Cost

number valuex, valuex ( 10°m?)  count  (hr)

0.15 0.29023634 3.7546 4 0.26
trial 1 0.25 0.29023308 3.7546 3 0.20
0.35 0.29023665 3.7546 4 0.25
0.15 0.29024458 3.7546 4 0.37
trial 2 0.25 0.29022518 3.7546 3 0.32
0.35 0.29021075 3.7546 4 0.42
0.15 0.29023707 3.7546 4 1.55
trial 3 0.25 0.29023282 3.7546 3 1.25
0.35 0.29023569 3.7546 4 1.63

be estimated,i.e., Poisson's ratio , Young's moduli E,, E,, and viscous moduli
C1, and G,.

6.3.1 Estimation of Poisson's Ratio

In the rst step, we estimated the Poisson's ratio by minimizing the di erences
of held-shapes. Since other parameters do not a ect heldagte, we therefore
assigned some arbitrary values to the other parameters. Téw trials were per-
formed and the arbitrary values for other parameters are lied Table 6.3. The
optimization for minimizing the di erences of held-shapesvere then performed,
as discussed in section 5.2.1. Tab®4 shows the estimated Poisson's ratios
at di erent cases and di erent initial values. We nd that parameter quickly
(only 3 or 4 iterations) converge to a global minimum of about = 0:2902. This

value will be used in the following calculation of >, ¢ and force optimization.
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Table 6.5: Estimation results ofE 4, E,, and ¢; using simulation-based optimiza-
tion

Trial Initial Final F( ) Ilteration Cost
number Parameter value Xq value X (N?) count  (hr))
E,(Pa) 4 100 24722 1¢¢
trial 1 E,(Pa) 6 10¢ 50771 10 90.519 36 4.47
c, (Pas) 8 10 81142 10¢°
E,(Pa) 8 10¢ 55790 10
trial 2 E,(Pa) 6 10* 3:8065 10* 27.383 43 5.77
c, (Pas) 4 1P 45349 10
E,(Pa) 3 100 37607 10
trial 3 E,(Pa) 8 10 7:6996 10" 24.536 33 4.79
c, (Pas) 9 10° 91985 10°
: : P,
6.3.2 Calculation of Summation —1 Gi

P
Using Eq. 5.2 we can easily calculate the value of summation f‘zl ¢ based

on e>|<:perimental data on force and residual deformationl.D Irts case, we found
that >, G =9:6961 1(PPas. Note that the value of >, g can guarantee
a good reproduction of nal deformed shape since the residudeformation has
been considered during the calculation.

6.3.3 Estimation of Other Parameters

o . : P
After estimating Poisson's ratio and the value of ., G, the other parameters

can be then estimated by minimizing the di erence of rheolagal forces with
a constraint of summation ?:1 ¢. However, depending on the way obtaining
virtual force data, the estimation of other parameters can ® divided into two
categories: simulation- and calculation-based methodss aliscussed in Section
5.2.3 and 5.2.4 respectively.

6.3.3.1 Estimation Results of Simulation-Based Optimizat ion

In simulation-based optimization, the FE simulations wereaterated with updated
parameters until the di erences between simulation resudtand experiment mea-
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Figure 6.6: Optimization curves of three trials given in Take 6.5.

surements becomes minimal. Three optimization trials wengerformed with dif-
ferent initial conditions. The estimation results assoctad with computation
costs were given in Tables.5. We can see that the optimal solutions are quite
sensitive with the initial setting of parameter values. Theoptimization curves
(solution evolution) of these three trials were shown in Fig6.6. We are not able
to obtain a global solutions in this optimization problem. W only can pick one
local minimum by comparing the values of objective functiof (). In this case,
we pick the third trial as a solution. We also can see that theimulation-based
optimization took several hours to reach a local minimum ewewith a very close
setting of initial values (the third trial). Usually, it is q uite hard to nd the close
settings of initial values and we may have to perform a plentgf trials to nally
reach an acceptable solution. This method is time-consungrbut quite robust
and widely applicable. It can be used in any model to estimatine parameters
as long as the simulation can be done.

6.3.3.2 Estimation Results of Calculation-Based Optimiza tion

In calculation-based optimization, the force results werealculated using Egqs.5.4
and 5.5instead of running FE simulations. The calculated force retts were then
used in optimization to minimize the force di erences. TotHy, ve optimization
trials were performed for this case. The st three trials usk the same initial
conditions with simulation-based optimization (Table6.5) for the convenience of
comparison. The last two trials were with other arbitrary intial values. The
estimation results associated with computation costs aravgn in Table 6.6. We
can see that all trials converged to the same solution and ieems like we can
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Table 6.6: Estimation results ofE 1, E,, and c¢; using calculation-based optimiza-
tion

Trial Initial Final F( ) Ilteration Cost
number Parameter value Xq value X (N?) count (s)
E. (Pa) 10 37730 10*
trial 1 E, (Pa) 10 80916 10* 24.514 15 0.17
c; (Pas) 1P 92022 1¢°
E. (Pa) 10 80914 10
trial 2 E, (Pa) 104 37730 10* 24.514 20 0.20
c; (Pas) 1P 49375 10
E; (Pa) 10 37730 10*

4
6
8
8
6
4
3

trial 3 E, (Pa) 8 10 80917 10 24.514 14 0.19
9
2
3
4
6
4
2

¢ (Pas) 106 9:2023 10°
E, (Pa) 100 80952 10°

trial 4 E, (Pa) 100 37731 100 24.514 23 0.23
c; (Pas) 106 49381 10
E, (Pa) 1P 80917 10°

trial 5 E, (Pa) 10 37730 100 24.514 16 0.18
¢, (Pas) 106 49375 10

nd the global minimum by using this method. The optimization curves of the
rst three trials were shown in Fig. 6.7. Comparing Figs. 6.6 and 6.7, we found
that the values of objective function from both simulation-and calculation-based
optimization were start from the same value (because the tral parameter set-
ting are the same) but converged to the di erent minimal vales in the end of
optimization. Figure 6.6 shows that the curves in simulation-based optimization
have more ladder-shaped regions which make the optimizatieasy to be trapped
into a local minimum. On the other hand, the curves from caldation-based op-
timization are appears more smooth. Smaller tolerance uséd terminate the
optimization can yield better solutions, especially for saulation-based optimiza-
tion method. However, it will take much more computation timre. From the
estimation results given in Tables6.5and 6.6, we can see that both optimization
methods converge to the very similar solutions, as shown inidl 3 of Table 6.5
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Figure 6.7: Optimization curves of three trials given in Take 6.6.

and all trials of Table 6.6. Note that the rst and second layer Maxwell element
are exchangeable in a parallel ve-element model. Therefgrthe values oE; and

E,, ¢, and ¢, are also exchangeable, which makes the solutions of trials3] and

trials 2, 4, 5 of Table6.6 actually very similar. In addition, the computation costs
in the calculation-based optimization were extremely shor(less than 1 second
in all trials listed in Table 6.6) since there is no FE simulations involved during
optimization. However, the disadvantage is that this methd only can be used in
parallel models which provide the analytical expressiond torces.

P
6.3.4 Estimation without the Constraint of ?:1 G

The value ofP i3:1 ¢ calculated separately before force optimization will guar
antee a good reproduction of nal deformed shape. In the lastubsection, this
value was used as a constraint during the force optimizationSince this con-
straint makes the optimization problem losing one indeperht variable, the re-

sult of force optimization will be su ered. We have to comprmise the accuracy
between the reproductions of nal-shapes and force behawso Note that the

held-shape is a ected only by Poisson's ratio. Therefore, we do not have to
do the same compromise for held-shapes. In some situatiossch as deformable
objects handled by robotic hand, we may care about the forcesponse and the
held-shape much more than the nal-shape. In such situatia) we can just ignore
the calculation of i3=1 G during the parameter estimation procedure. Instead,
we use all four parametersk;, E,, ¢;, and ¢, as unknown variables to perform
the force optimization. This should give us better resultsfdforce reproduction.

93



6.3 Parameter Estimation Results

Table 6.7: Estimation results ofE;, E,, ¢; and ¢, using simulation-based opti-

mization
Trial Initial Final F( ) Ilteration Cost
number Parameter value Xq value X (N?) count  (hr))
E,(Pa) 4 100 31736 10
trial 1 E,(Pa) 7 10¢ 71867 10 4.0351 24 24.9
c, (Pas) 9 10 1:3298 10/
c (Pas) 6 10° 69787 10
E,(Pa) 3 100 31735 10
trial 2 E,(Pa) 8 10* 7:1884 10 4.0351 39 39.8
c, (Pas) 9 10° 1:3298 10
c (Pas) 7 10 69787 10
E,(Pa) 2 10®° 7:1851 10
trial 3 E,(Pa) 3 100 31732 10 4.0351 26 26.7
c, (Pas) 4 10° 69809 10
c (Pas) 5 10°F 1:3300 10’

In the following subsections, the estimation results of tlee four parameters us-
ing both simulation- and calculation-based methods will bpresented. Note that
= 0:2902 andc; = 100Pa s are still used in the following discussions.

6.3.4.1 Estimation Results with Simulation-Based Optimiz ation

Three optimization trials with di erent initial condition s were performed and the
estimation results were given in Tablé.7. The optimization curves are shown in
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Figure 6.8: Optimization curves of three trials given in Take 6.7.
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Table 6.8: Estimation results ofE,, E;, ¢; and ¢, using calculation-based opti-

mization
Trial Initial Final F( ) lteration Cost
number Parameter value Xq value X (N?) count (s)
E,(Pa) 4 100 31752 1¢¢
trial 1 E,(Pa) 7 10¢ 72145 10* 4.0766 25 0.3108
¢, (Pas) 9 10 1:3291 10/
c (Pas) 6 10° 69733 10
E,(Pa) 3 100 31753 10
tial 2 E,(Pa) 8 10* 7:2147 10* 4.0766 24 0.3205
c, (Pas) 9 10° 1:3291 10/
c (Pas) 7 10 69731 10
E,(Pa) 2 10®° 72131 10
trial 3 E,(Pa) 3 10¢0 31750 10* 4.0766 26 0.3554
c, (Pas) 4 10 69745 10
¢ (Pas) 5 10° 1:3292 10/

Fig. 6.8 In this case, we are able to nd a global minimum and the solidn is
much better than the ones shown in Table§.5 and 6.6 (by comparing the values
of objective functionF( )).

6.3.4.2 Estimation Results with Calculation-Based Optimi

zation

Estimation results using calculation-based optimizatiormethod were given in
Table 6.8 and optimization curves are shown in Fig. 6.9, Comparing with
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Figure 6.9: Optimization curves of three trials given in Take 6.8,
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N . : P :
Table 6.9: Estimation results with the constraint of >, ¢ for all objects made

by clay materials 5
Trial E; E, c 36 E()
name (Pa) (Pa) (Pa s) (Pas) (N?)
red-06 0.2672 31706 10* 6:4702 10* 7:4606 10° 7:9035 10° 6.3658
red-08 0.2902 730 10* 8:0916 10* 9:2022 10° 9:6961 10° 24.514
red-10 0.2367 2237 10* 7:5406 10* 514256 10° 5:9092 10° 31.5945
blue-06 0.2537 D182 10 4:4243 10* 44555 10° 4:.9014 10° 3.1863
blue-08 0.2292 344 10* 6:4348 10* 6:9430 10° 7:6884 10° 5.5283
blue-10 0.2602 593 10* 7:5570 10* 57866 10° 6:5596 10° 50.4884
yellow-06 0.2593 20820 10* 3:9699 10* 7:9776 10° 85615 10° 2.4562
yellow-08 0.2479 2216 10* 4:6662 10* 1:1663 10’ 1:2385 10’ 28.5041
yellow-10 0.2494 21480 10* 4:1776 10* 80970 10° 89095 10° 32.8334
average 0.2549 256 10* 59258 10* 7:4457 10¢° 80571 10° |

simulation-based method, very similar results were obtagu using calculation-
based optimization but the computation costs are signi catly reduced. Figures
6.8 and 6.9 also show very similar curves of solution evolution.

6.3.5 Estimation Results for All Objects Made of Clay
Materials

By following the same estimation procedures presented alswve can estimate
the physical parameters for all experimental objects madd olay materials. Note
that c3 = 100Pas and the calculation-based optimization method were used i
%” trials. Estimation results for clay objects with and without the constraint of
i3=1 ¢ are given in Tables6.9 and 6.1Q respectively. Note that the estimated
parameters listed in Table6.9 yield good reproductions of nal-shapes while pa-
rameters in Table6.10result in good approximation of force responses. We can
see that both sets of parameters of some clay objects are guiiose and the opti-
mal values of objective function (given in the last column dboth tables) are also
not very di erent. This means that it is possible for those olects (e.g., red-06,
blue-06) to use one set of parameters to accurately reproduboth deformation

and force behaviors. However for most objects, the di ereas of parameters and
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N : . P :
Table 6.10: Estimation results without the constraint of >, ¢ for all objects

made by clay materials
Trial E; E, C1 Cy E( )
name (Pa) (Pa) (Pa s) (Pas) (N?)
red-06 0.2672 8650 10* 6:0364 10* 8:8323 10° 54820 10° 3.1418
red-08 0.2902 31753 10* 7:2147 10* 1:3291 10’ 6:9731 10° 4.0766
red-10 0.2367 21954 10* 6:7528 10* 84719 10° 6:8294 10° 4.2865
blue-06 0.2537 6582 10* 4:2801 10* 6:0304 10° 6:1032 10° 0.3573
blue-08 0.2292 2164 10* 6:0319 10* 8:7880 10° 9:6051 10° 1.2468
blue-10 0.2602 2424 10* 7:1494 10* 9:3098 10° 1:2391 10° 1.8716
yellow-06 0.2593 17273 10* 3:6229 10* 1:0636 10" 84945 10° 0.2495
yellow-08 0.2479 21804 10* 4:2930 10* 1:9429 10’ 1:3657 10° 0.6176
yellow-10 0.2494 15206 10* 4:1475 10* 1:4602 10’ 1:4882 10° 0.5583

objective function values are signi cant, especially the alues of i3=1 ¢ which

dominate both nal-shape and force amplitude as discussed Bection 2.4. For
these objects, one set of parameters is not enough to repraduboth rheological
deformation and force simultaneously.

6.3.6 Estimation Results for Objects Made by Japanese
Sweets Materials

The same parameter estimation procedures were also perfeahfor objects made
by three kinds of Japanese sweets materials. Experimentaformation was given
in Table 6.2 _Estimation results for these three objects with and withouthe

constraint of i3:1 ¢ are given in Tables6.11and 6.12 respectively. Comparing
with results of clay materials, two sets of parameters of sets objects are very
di erent with each other. The values of >, ¢ from Table 6.12 (not given di-

rectly but can be easily calculated) are around 10 times laeg than those given
in Table 6.11 The optimal values of objective function are even hundredsmes

di erent. This means it is impossible for objects made by sve¢s materials to ac-
curately reproduce both rheological deformation and foreesimultaneously. This
problem comes from the physical modele(g, parallel ve-element model) itself

and it cannot be resolved by adding more basic elements to tpaysical model or
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P
Table 6.11: Estimation results with the constraint of >, ¢ for three objects

made by Japanese sweets materials 5
Trial E; E, c 36 E()
name (Pa) (Pa) (Pa s) (Pas) (N?)
material 1 0.3746 81002 10° 97210 10° 1.0804 10° 2:3761 10° 326.01
material 2 0.3353 10662 10* 3:7979 10° 1:2423 10° 1:6849 10° 186.48
material 3 0.3267 58791 10° 7:3308 10° 86015 10° 1:9319 10° 76.41

P
Table 6.12: Estimation results without the constraint of >, ¢ for three objects

made by Japanese sweets materials
Trial E; E, C1 C E( )
name (Pa) (Pa) (Pa s) (Pas) (N?)
material 1 0.3746 13468 10* 2:4695 10* 2:9631 10’ 7:2381 10* 0.9152
material 2 0.3353 10553 10* 3:7276 10* 1:3213 10’ 1:1593 10° 0.8385
material 3 0.3267 91565 10° 50802 10* 81809 10° 1:3427 10° 0.7208

changing the con guration of the model. Further validationof this phenomenon
with simulation results comparing with experimental ones W be presented in
the later of this chapter.

6.3.7 Estimation Results of FE Model with Dual-Moduli
Viscous Elements

For some materials, such as clay materials discussed abowege set of parame-
ters seems enough to capture both rheological forces andatefation behaviors.
However for most rheological objects, such as Japanese swgwoducts, it is

impossible to use only one set of parameters to cover both derand deforma-
tion simultaneously. We have therefore introduced FE modetith dual-moduli

viscous elements (section 3.3) to solve this problem. Herge suppose that the
FE model was formulated using parallel ve-element model i two dual-moduli

viscous elements (Fig2.%) and we preassigned a value of 100 Rato parameter
c3. By following the estimation procedure presented in sectio5.2.5, we can de-
termine those parameters for FE model with dual-moduli visus elements and
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Table 6.13: Estimation results of FE model with dual-modulviscous elements
for simulating the objects made of Japanese sweets matesial

Trial E1 = C1 Co 1 2
name (Pa) (Pa) (Pas) (Pas) (Pas) (Pas)
mat.1 1:3468 10* 2:4695 10* 1:4820 10’ 5:3855 10* 1:4811 10’ 1:8527 10
mat.2 1:0553 10* 3:7276 10* 6:6096 10° 7:8271 10* 6:6034 10° 3:7659 10¢
mat.3 9:1565 10° 5:0802 10* 4:0958 10° 82198 10* 4:0851 1C°f 5:2072 10¢

listed them in Table 6.13 Note that the Poisson's ratios are not listed in this
table and they take the same values as given in Tab&12

6.4 Validation Results

In the above sections, the experimental information was irdduced and the physi-
cal parameters for clay and Japanese sweets materials westneated using di er-
ent methods. In this section, the simulation results usinghie estimated parame-
ters will be compared with experimental measurements to sivahe performance
of our FE model and parameter estimation methods. Note thathie physical
parameters were estimated by using measured data of the wriih objects (for
both clay and sweets materials) with compressing operatisrirom the entire top
surfaces. The measurements of uniform objects compressemht the center-top
surfaces (white colored clay objects) and non-uniform svisebjects compressed
from top and center-top surfaces were used to evaluate thdigsted parameters.

6.4.1 Validation Results of Objects Made by Commercial
Clay Materials

At rst, the estimated parameters listed in Tables6.9 and 6.10were used to sim-
ulate the corresponding clay objects to show performance ofir optimization-
based estimation methods and also to demonstrate the di enee between these
two methods with or without the constraint of >, ¢. Simulation results com-
pared with experimental measurements for three trials (derte by red-08, blue-06,
and yellow-08 in Tables6.9 and 6.10 were shown in Figs.6.1Q 6.11 and 6.12
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Figure 6.10: I:)Validation results for object red-08 (a) with ad (b) without the
constraint of ., G.

respectively. From these gures we can see that estimated f@aneters with the
constraint of >, G yield better results of nal-shapes. On the other hand,
estimated parameters without this constraint result in beter results in force ap-
Brommatlon This is coincide with our theoretical analyss, i.e., the summation
i—; G dominates the residual deformation. We can also see that tlestimated
parameters with the constraint always under-approximatethe force amplitudes,
especially in the end of the holding phases. On the other hanthe estimated
parameters without the constraint always over-approximatd the nal-shapes,
especially for object yellow-08 shown in Fig.6.12 It can be explained that
accurate approximation of nal-shape requires relative sailer values of i3:1 G
while accurate approximation of force behaviors requireglative larger values. If
we look at Tables6.9 and 6.10 we nd that the values of >, G in Table 6.10
are always larger than those in Tablé.9. The object yellow-08 has the largest

di erence (about 1.8 times) between two sets of parametersrong these three
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Figure 6.11: I:\)/alidation results for object blue-06 (a) withand (b) without the
constraint of ., G.

objects. This is why the dierences in both force and defornieon behaviors
shown in Fig. 6.12are larger than those in Figs.6.10and 6.11 However, we can
obtain good reproductions of both rheological forces and fdemation behaviors
for objects red-08 and blue-06 within a relative short timewithin 200 seconds)
using the estimated parameters with the constraint of i3=1 G . Actually in most
applications, the holding time may not be very long. In suchases, the parame-
ters listed in Table 6.9 are good enough to reproduce both rheological forces and
deformation behaviors simultaneously.

The simulation results shown in Figs.6.10 6.11 and 6.12 were performed
using their own estimated parameters. In other words, thesealidation results
only showed how well the force and shape optimizations werenormed. These
validation results are thus quite insu cient. We therefore conducted three other
experiments with objects made by white colored clay mated® In order to
investigate how the estimated parameters can handle di ent operations, we
compressed these three objects from the center area of the surfaces instead of
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Figure 6.12: Validation results for object yellow-08 (a) vih and (b) without the
constraint of >, G.

the entire top surfaces and also with di erent compressingelocities of 05 m/s,
0:2m/s, and 01 m/s, respectively. Detailed experimental information othese
three trials can be found in Table6.1 Note that di erent colored clay materials
actually denote di erent materials and they may have di erent properties. How-
ever, since they were sold in the same pack and manufacturettize same time,
the di erence in properties among them was supposed to be tiggle. There-
fore, the average values of estimated parameters listed ihet last row of Table
6.9 were used to reproduce the rheological behaviors of theseeth objects. The
simulation results compared with experimental measuremenwere shown in Fig.
6.13 Because the deformation behaviors are more complicateggecially in the
contact corners) than compressing from the entire top surfas, we have used a
16 16 triangular mesh instead of a 4 4 mesh to simulate the behaviors of these
white colored objects. In order to clearly show the deformiin comparisons be-
tween simulation and experiments, only 8 8 lattice mesh was shown in Fig.
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Figure 6.13: Validation results for white colored objects ith a compressing ve-
locity of (a) 0:5m/s, (b) 0:2m/s, and (c) 0:1 m/s.

6.13 We nd that both held-shapes and nal-shapes are pretty welmatched

between simulation results and experimental measuremerasid we can achieve
good reproductions of force behaviors in a short term (withiabout 200 seconds).
We can therefore say that we can obtain acceptable reprodimn results of both

rheological force and deformation for clay objects by usirmur FE model and the

estimated parameters listed in Tables.9.
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Figure 6.14: ¥alldat|on results for sweets material 1 (a) wh and (b) without the
constraint of ., G.

6.4.2 Validation Results of Objects Made by Japanese
Sweets Materials

The estimated parameters listed in Table$.11and 6.12 were used to simulate
these three objects to see what happen for sweets materialghwiwo estimation
methods with or without the constraint of >, . Simulation results compared
with experimental measurements for these three trials ardh@wn in Figs. 6.14
6.15 and 6.16 respectively. We can see that estimated parameters with éhcon-
straint of >, ¢ yield good results of nal-shapes but bad results of force©n
the contrary, estimated parameters without this constraihresult in good results
in force but bad in nal-shapes. This again proved our theoteal discussions of
> | & dominating both force amplitude and residual deformationThe values of
> | G in Tables 6.11and 6.12are very di erent with each other. The ratios be-
tween these two set of values >, ¢ are 12.5, 7.91, and 4.3 (values in Tab.12
divided by values in Table6.11) for sweets materials 1, 2, and 3, respectively. We
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Figure 6.15: ¥a|idation results for sweets material 2 (a) wh and (b) without the
constraint of >, G.

can see that material 1 has the largest ratio and also the laggt di erence of the
objective function values (listed in the right most columnm Tables6.11and 6.12).
We are not able to accurately reproduce both forces and defioation behaviors
simultaneously for sweets objects by using only one set ofrpmeters. Using
one set of parameters, we can reproduce either rheologiaaickes or deformation
behaviors alone. It is impossible to cover both in the samentie. If we use only
one set of parameters, we always have to compromise betweba teproductions
of force and deformation behaviors. We believe the reasontbfs phenomenon
arises from the nonlinearity of material properties. Our FEmodel is based on
linear Hooke's law, which provided a proportional relatioship between stress and
strain (force and displacement in 2D case). Most real matais include nonlinear,
rate-, and time-dependent properties. Therefore, it is hdrto use a linear model
to approximate such nonlinear behaviors. We can introduceonlinear modeling,
such as the model with Green strain tensor as presented in 8eg 3.2, to cope
with this problem. Such nonlinear models su er from high comutational cost
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Figure 6.16: ¥alldat|on results for sweets material 3 (a) wh and (b) without the
constraint of ., G.

because of the complicated constitutive equations and thatéensive calculation
for updating the sti ness matrices. Analytical expressios of force are usually not
available for such nonlinear models, which makes the parateeestimation more
di cult and sometimes inapplicable. We have therefore intoduced dual-moduli
viscous elements into our FE model to deal with this problemral next section
will demonstrate validation results of this model.

6.4.3 Validation Results of FE Model with Dual-Moduli
Viscous Elements

The dual-moduli viscous element has an ability to switch twparameters from one
to the other during simulation. The FE model is still linear model and only some
parameters €; and ¢, in the case of parallel 5-element model) change values befor
and after the switching moment. This model can yield accuratreproductions of
both rheological forces and deformation behaviors simuti@ously with the same
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computation cost as a linear model with one set of parameters

6.4.3.1 Validation Results for Corresponding Uniform Obje cts

At rst, we have used the estimated parameters listed in Tald 6.13to simulate
the corresponding objects made by three sweets materialsh&@ simulation results
compared with experimental measurements are shown in Fig.17, where the
solid line denotes the results from experimental measuremsg and dashed line
(may be hard to distinguish) denotes the results from simuteon. We can see
that this model successfully captured both rheological foes and deformation
behaviors simultaneously.

6.4.3.2 Validation Results for Non-Uniform Layered Object s Made
by Sweets Materials

Again, the simulation results shown in Fig.6.17were performed using their own
estimated parameters. These validation results thereforenly demonstrate how
well the parameter estimation procedures were conductedn brder to further
evaluate the estimated parameters, several other experintal trials with layered
objects, as shown in Fig. 6.5 were performed. Each object consists of three
layers and two di erent materials, with the materials of the top and bottom
layers being identical. These types of layered structureseaoften encountered
in food products, such as sandwich and sushi. Dierent comitions of two
materials were tested,e.g, in Fig. 6.5a-1, the object was made of Materials 1
and 2 with Material 1 in the middle. The objects were compress over their
entire top surfaces (Fig. 6.5a) or at the center (Fig. 6.50) of the top surfaces
with a constant velocity of 02 mm/s. Detailed experimental information can be
found in Table 6.2 The estimated parameters listed in Tabl&.13were then used
to simulate these layered objects. Comparisons of the simtibn results and
experimental measurements are shown in Figé.18and 6.19 In Fig. 6.19 the
object images are from experiments and the blue and red linage obtained from
simulations. Because the objects compressed over theiriemtop surfaces showed
simple deformation behaviors, 4 8 triangular meshes are su cient for their
simulations, as shown in Fig.6.18 On the other hand, the objects compressed at
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Figure 6.17: Validation results of FE model with dual-modulviscous elements
for objects made by Japanese sweets material 1 (a), 2 (b), aBdc).

the center of top surfaces demonstrate more complicated dehations around the
contact corners. We therefore use triangular meshes with em resolution (16 32)
to reproduce these deformation behaviors. In Fig5.19 only 8 16 lattice meshes
are given for the convenience of comparisons with the expegntal images. The
validation results in Figs. 6.18 and 6.19 show the successful reproductions of
both deformation behaviors and force responses for thesgdeed objects. But the
simulations results shown in Fig.6.19 exhibited larger errors than those in Fig.
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Figure 6.18: Validation results of layered objects compresd over the entire top
surfaces. The layered objects made by materials 1+2 (a), 24®), and 1+3 (c),
respectively.

6.18 especially the force behaviors. This suggests that bettgalidation results
might be obtained if the operation conditions used in paranter estimation and
application are identical. Even though the force reproduains in Fig. 6.19su er
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Figure 6.19: Validation results of layered objects compresd at the center of the
entire top surfaces. The layered objects made by materials2 (a) and 2+3 (b),
respectively.

from some errors, the errors are still in acceptable rangerfmost applications.

6.5 Concluding Remarks

In this chapter, experimental setup and compressing testsevwe demonstrated and
simulation results were compared with experimental measements to validate our
FE models and parameter estimation methods. Two kinds of rbgical materi-
als, commercial available clay and Japanese sweets matksiavere employed in
our experiments. Flat-squared objects made by these two neatals were com-
pressed using a linear stage with a pushing-holding-rel@as operations. The
force data and static images were recorded for estimatingehphysical parame-
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ters. The estimation methods presented in Chapter 5 were wkéo estimate the
physical paraFr)neters for these objects. Two sets of paramegevith or without the
constraint of >, ¢ were given to compare the di erences. The simulations were
then performed using the estimated parameters and compariss between simu-
lation results and experimental measurements were done talidate the proposed
FE models and parameter estimation methods. We found that thestimated pa-
rameters with the constraint of i3:1 ¢ Yyield better reproduction of nal-shapes
while parameters without >, ¢ result in better force reproductions. For some
objects made by clay materials, good reproductions of bottheological forces
and deformation behaviors can be achieved simultaneously lbising only one
set of parameters. However for other objects, this is impalke and the reason
caused the failure is the linearity of the physically-basedhodels. Fortunately,
after introducing the dual-moduli viscous elements into auFE models, we have
nally solved this problem and successfully reproduced bbtrheological forces
and deformation behaviors simultaneously. The estimatedapameters from uni-
form objects can also be used in simulating non-uniform layed objects even with
di erent compressing operations.

Note that the measurement requirements for our estimation ethods included
three static images of the object: the initial shape, the heéishape, and the nal-
shape, and the force responses during the experiments. Irdawn, we have used
regular shaped objects with some markers drawn on the suréscthroughout our
experiments. However, our estimation method is not limitedy the shape of the
object and can be applied to arbitrary object as long as the é@mation eld of
some feature points is available. Besides, the loading pasn is also not limited
to the top surface but may be anywhere, even at just one poinoavenient for

force measurements.
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Chapter 7

Conclusions and Future Works

7.1 Conclusions

Modeling and simulation of deformable objects has been plag an important
role in many applications, such as surgical simulation, raitic manipulation, food
engineering, and so on. Many modeling methods have been pvepd, such as
MSD, FEM, and particle-based methodsgetc. They all have their own advan-
tages and disadvantages. There are even many commercialwafes available
for simulating deformable objects, such as ANSYS and ABAQU$owever, the
modeling and simulation of deformable objects is still a unature and hot research
eld. This is not only because the development of computatiotechnology makes
more methods applicable, but also because the diversity offdrmation behaviors
demonstrated in real world objects.

The work presented in this dissertation is focusing on mode$ and reproduc-
ing the behaviors of rheological objects, which include biotelastic and plastic
properties and always yield residual deformation after lakng-unloading oper-
ations. The dicult part of this subject is how to accurately reproduce both
rheological forces and deformation, especially residuatfdrmation behaviors si-
multaneously. The main contributions of our current work ae as follows:

1. We have summarized the physically-based models which che used to
simulate rheological behaviors. We categorized such phyai models into
serial and parallel models and proposed a criterion to chaoan appropriate
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one for certain application. We have derived the generalideconstitutive

laws for both models and found a corresponding relation beden the two
models. We then derived the analytical expressions of rhegical forces
and residual deformation for generalized parallel model3hrough a series
of analysis, we found that there is contradiction between aarate repro-
ductions of rheological forces and residual deformation.n lorder to cope
with this contradiction, we have proposed a dual-moduli visous element
and integrated it with our physically-based models.

. We have developed 2D and 3D FE dynamic models for simulagirrheo-
logical behaviors based on the physically-based models aimear Cauchy
strain tensor. In order to simulate large deformation and dermation with

rotation motion, the nonlinear Green strain tensor has alsbeen introduced
into our FE formulations. The FE dynamic model with dual-modili viscous
elements was also derived. We have then extended our FE motldeal
with non-uniform layered objects and contact interaction ktween rheolog-
ical objects and external instruments. We found that the ldeg contact
moment can serve as a perfect criterion for dual-moduli visas element to
switch the parameters.

. We have proposed several methods for estimating the phyali parameters
of rheological objects. The basic idea is to minimize the dérence between
simulation results and experimental measurements with u@ded physical

parameters. In order to capture both rheological forces andeformation

behaviors, we proposed a three-step method with a separatimation of

Poisson's ratio and calculation of summation |, ¢. Both simulation-

and calculation-based optimization methods were investaged and com-
pared. The simulation-based method is robust but time-consning, while

the calculation-based method is very e cient but limited to only parallel

models. we found that the three-step method works well for se rheolog-
ical objects but failed to others. We have therefore estimatl the param-
eters of FE model with dual-moduli viscous elements. We engyked the

calculation-based optimization method to minimize the fare di erence and
simulation-based method to optimize the di erence of nalshapes.
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4. A series of compressing tests were performed using obgestade by com-
mercial available clay and Japanese sweets materials. Exipgental mea-
surements of uniform objects with compressing from the topugfaces were
used to estimate the physical parameters. The estimated aneters were
then employed to simulate uniform objects with compressingperation from
the top-center surfaces and even non-uniform layered obfgc Through var-
ious validations, we proved the contradiction between theeproductions of
rheological forces and residual deformation. For severdhg objects, this
contradiction phenomenon is not obvious and we could obtaiacceptable
results for both force and deformation using only one set ofapameters.
For other objects, however, this contradiction phenomenors very strong
and it is impossible to use one set of parameters to cover botheologi-
cal forces and deformation behaviors. This coincides witfuotheoretical
discussions. The FE model with dual-moduli viscous elemantind esti-
mated parameters were then employed to solve this problemdamally we
successfully reproduced both rheological forces and defation behaviors
simultaneously.

Even though our current work concentrated on reproductionsf rheological
behaviors, most of our discussions and methods can be easibplied to elastic,
visco-elastic, and plastic models as long as the physicabigsed models were used.
Since our attention is focusing on the reproduction accurgof both forces and de-
formation, we have to sacri ce the computation costs and rédime performance
is not of concern in the current situation.

7.2 Future Works

According to our current works, we have done a systematic alyais of modeling
for simulating rheological behaviors and we have establisth e cient methods for
estimating physical parameters of rheological objects. line future, we plan to
make our e orts on the following directions:
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1. 3D validation of our FE model and estimated parameters. 3BE formu-
lation has been presented in this dissertation. But we did ngperform
any simulation validation for real objects with estimated jarameters. The
physical parameters were mainly estimated by using 2D FE meband they
are supposed to be applicable in 3D simulation. Thus, we neegperimen-
tal validations of this issue. If the proposed methods are h@pplicable,
new parameter estimation methods with 3D model have to be iastigated.
This is theoretically feasible but practically di cult bec ause the computa-
tion costs.

2. Therefore, the second future target is to speed up our FEnsillation. We
plan to use the new computing architecture called GPGPU (Gamal Pur-
pose Graphic Processing Unit) to achieve this target.

3. In the current experiments, only two kinds of materials we tested. This
is quite limited. We will perform more experiments with othe rheological
objects, such as Japanese tofu and various kinds of sushi. efé& might be
some interesting behaviors which have not been discovered.

4. We are now working on particle-based model, such as SmoadhParticle
hydrodynamics (SPH). This could be another option for simaiting rheo-
logical objects. Comparing with FE model, SPH model has adutages of
low computation costs and convenient implement for complegperations,
such as cutting and reforming. The SPH model also need parat®eesti-
mation when dealing with real materials. The parameter estiation ideas
presented in this dissertation can serve as a good reference

115



References

Ahn, B. & Kim, J. (2010). Measurement and characterization of soft tissue
behavior with surface deformation and force response undarge deformations.
Med. Image Anal, 14, 138{148.3, 5

Augenstein, K., Cowan, B., LeGrice, I., Nielsen, P. & Young, A
(2005). Method and apparatus for soft tissue material paraeter estimation us-
ing tissue tagged magnetic resonance imaginj.Biomech. Eng.-Trans. ASME,
127, 148{157.5

Balaniuk, R. & Salisbury, K. (2003). Soft-tissue simulation using the radial
elements method.Surgery simulation and soft tissue modeling8{58. 3

Baraff, D. & Witkin, A. (1998). Large steps in cloth simulationProc. 25th
Annual Conference on Computer Graphics and Interactive Thaiques (SIG-
GRAPH'98), 43{54. 2

Baumgarte, J. (1972). Stabilization of constraints and integrals of motin in
dynamical systemsComputer Methods in Applied Mechanics and Engineering
1{16. 35

Bianchi, G., Solenthaler, B., Sz ekely, G. & Harders, M. (2004). Si-
multaneous topology and sti ness identi cation for mass+gring models based
on fem reference deformationg?roc. 7th International Conference on Medical
Image Computing and Computer-Assisted Intervention (MIC&I'04) , 293{301.
3

116



REFERENCES

Bischoff, J., Arruda, E. & Grosh, K. (2000). Finite element modeling
of human skin using an isotropic, nonlinear elastic constitive model. J.
Biomech, 33, 645{652.3

Bro-Nielsen, M.  (1998). Finite element modeling in surgery simulationProc.
IEEE , 86, 490{503. 3

Bro-Nielsen, M. & Cotin, S. (1996). Real-time volumetric deformable mod-
els for surgery simulation using nite element and condensan. Computer
Graphics Forum (EUROGRAPHICS'96), 57{66. 3

Chai, Y.H., Luecke, G. & Edwards, J. (1998). Virtual clay modeling using
the ISU exoskeletonProc. IEEE Virtual Reality Annual International Sympo-
sium (VRAIS '98), 76{80. 7

Chua, P., llschner, T. & Caldwell, D. (2003). Robotic manipulation of
food products|a review. Ind. Robot, 30, 345{354.4

Cotin, S., Delingette, H., Bro-Nielsen, M., Ayache, N., Cl ement, J.,
Tassetti, V. & Marescaux, J. (1996). Geometric and physical representa-
tions for a simulator of hepatic surgeryProc. Medicine Meets Virtual Reality,
139{151.2

Farshad, M., Barbezat, M., FI eeler, P., Schmidlin, F., Graber, P. &
Niederer, P. (1999). Material characterization of the pig kidney in reldon
with beh biomechanical analysis of renal traumal. Biomech,, 32, 417{425.6

Hing, J., Brooks, A. & Desai, J. (2007). A biplanar uoroscopic approach
for the measurement, modeling, and simulation of needle amdft-tissue inter-
action. Med. Image Anal, 11, 62{78. 3, 5

Hoshi, T., Kobayashi, Y., Kawamura, K. & Fujie, M. (2007). Develop-
ing an intraoperative methodology using the nite element mthod and the
extended kalman Iter to identify the material parameters d an organ model.
Proc. the 29th Annual International Conference of the IEEE KBS, 469{474.
5

117



REFERENCES

Hrapko, M., van Dommelen, J., Peters, G. & Wismans, J. (2006). The
mechanical behaviour of brain tissue: Large strain respasnd constitutive
modelling. Biorheology, 43, 623{636. 4

Ikawa, T. & Noborio, H. (2007). On the precision and e ciency of hierarchical
rheology MSD model.Proc. the 2007 IEEE/RSJ International Conference on
Intelligent Robots and Systems (IROS'07)376{383.5, 7

Kahler, K., Haber, J. & Seidel, H.P. (2001). Geometry-based muscle mod-
eling for facial animation. Proc. of Graphics Interface 37{46. 2

Kauer, M., Vuskovic, V., Dual, J., Szekely, G. & Bajka, M. (2002).
Inverse nite element characterization of soft tissuesMed. Image Anal, 6,
275{287.3, 5

Lim, Y.J. & De, S. (2007). Real time simulation of nonlinear tissue response
in virtual surgery using the point collocation-based methd of nite spheres.
Comput. Methods Appl. Mech. Engrg.196, 3011{3024.3

Lioyd, B., Sz ekely, G. & Harders, M. (2007). Identi cation of spring pa-
rameters for deformable object simulationlEEE Trans. Vis. Comput. Graph.,
1081{1094.2, 3

Liu, Z. & Scanlon, M.  (2003). Modelling indentation of bread crumb by nite
element analysisBiosyst. Eng, 85, 477{484.3

Martins, R.  (2006). Simple nite volumes and nite elements procedure$or
food quality and safety simulations.J. Food Eng, 73, 327{338. 3

Mendoza, C. & Laugier, C. (2003). Simulating soft tissue cutting using nite
element modelsProc. the 2003 IEEE International Conference on Robotics @h
Automation (ICRA'03) , 1109{1114.3

Mirsaeedghazi, H., Djomeh, Z. & Mousavi, S. (2008). Rheometric mea-
surement of dough rheological characteristics and factoesecting it. Int. J.
Agri. Biol., 10, 112{119.7

118



REFERENCES

Nava, A., Mazza, E., Furrer, M., Villiger, P. & Reinhart, W. (2008).
In vivo mechanical characterization of human liverMed. Image Anal, 12,
203{216.3, 4

Noborio, H., Enoki, R., Nishimoto, S. & Tanemura, T. (2003). On the
calibration of deformation model of rheology object by a ma@d randomized
algorithm. Proc. IEEE International Conference on Robotics and Automi@on
(ICRA'03) , 3729{3736.6, 7

Nogami, R., Noborio, H., Tomokuni, S. & Hirai, S. (2004a). A compar-
ative study of rheology MSD models whose structures are late and truss.
Proc. IEEE/RSJ International Conference on Intelligent Rdots and Systems
(IROS'04), 3809{3816.7

Nogami, R., Noborio, H., Ujibe, F. & Fujii, H. (2004b). Precise deforma-
tion of rheologic object under MSD models with many voxels ancalibrating
parameters.Proc. IEEE International Conference on Robotics and Automion
(ICRA'04) , 1919{1926.7

Purlis, E. & Saladori, V. (2005). Meat cooking simulation by nite el-
ements. 2nd Mercosur Congress on Chemical Engineering and 4th Mesco
Congress on Process Systems Engineerintf10. 3

Sakamoto, N., Higashimori, M., Tsuji, T. & Kaneko, M. (2007). An
optimum disign of robotic hand for handling a visco-elastiobject based on
Maxwell model. Proc. the 2007 IEEE International Conference on Robotics
and Automation (ICRA'07), 1219{1225.6, 7

Samur, E., Sedef, M., Basdogan, C., Avtan, L. & Duzgun, O. (2007).
A robotic indenter for minimally invasive measurement andltaracterization of
soft tissue responseMed. Image Anal, 11, 361{373.5

Shames, |. & Cozzareli, F. (1992). Elastic and Inelastic Stress Analysis
Englewood, New Jersey4

119



REFERENCES

Sivaramakrishnan, H., Senge, B. & Chattopadhyay, P. (2004). Rheo-
logical properties of rice dough for making rice bread. Food Eng, 62, 37{45.
7

Tada, M., Nagai, N. & Maeno, T. (2005). Material properties estimation
of layered soft tissue based on MR observation and iteratiVeE simulation.
Medical Image Conputing and Computer-Assisted Intervewot (MICCAI'05) ,
3750, 633{640.5

Taylor, Z., Comas, O., Cheng, M., Passenger, J., Hawkes, D., At kin-
son, D. & Ourselin, S.  (2009). On modelling of anisotropic viscoelasticity
for soft tissue simulation: numerical solution and GPU exetion. Med. Image
Anal., 13, 234{244.3

Terzopoulos, D. & Fleischer, K. (1988). Modeling inelatic deformation:
viscoelasticity, plasticity, fracture. Proc. 15th Annual Conference on Computer
Graphics and Interactive Techniques (SIGGRAPH '88)269{278. 2, 6

Terzopoulos, D., Platt, J., Barr, A. & Fleischer, K. (1987). Elastically
deformable modelsProc. 14th Annual Conference on Computer Graphics and
Interactive Techniques (SIGGRAPH '87) 205{214.2

Tsai, C.H., Kao, I., Sakamoto, N., Higashimori, M. & Kaneko, M
(2008). Applying viscoelastic contact modeling to grasp@ task: an exper-
imental case study.Proc. the 2008 IEEE/RSJ International Conference on
Intelligent Robots and Systems (IROS'08)1790{1795.6, 7

Wang, Z. & Hirai, S.  (2009). Modeling and parameter identi cation of rheo-
logical object based on fe method and nonlinear optimizatio Proc. IEEE/RSJ
International Conference on Intelligent Robots and Syste&s(IROS '09), 1968{
1973.23 24

Waters, K. (1987). A muscle model for animating three-dimensional fed ex-
pression.Proc. 14th Annual Conference on Computer Graphics and Intactive
Techniques (SIGGRAPH'87) 21, 17{24. 2

120



REFERENCES

Wu, M., Li, D., Wang, L., Ozkan, N. & Mao, Z. (2010). Rheological
properties of extruded dispersions of axseed-maize blend. Food Eng, 98,
480{491.8

Yoshida, H., Murata, Y. & Noborio, H. (2005). A smart rheo-
logic MSD model pushed/calibrated/evaluated by experimdal impulses.
Proc. IEEE/RSJ International Conference on Intelligent Rdots and Systems
(IROS'05), 269{276.7

Yoshida, H., Ujibe, F. & Noborio, H. (2007). Force/shape reappearance of
MSD rheology model calibrated by force/shape sequenc&/th International
Conference on Arti cial Reality and Telexistence 2007121{128.7

121



	Acknowledgement
	Abstract
	Table of Contents
	List of Figures
	List of Tables
	Nomenclature
	1 Introduction
	1.1 Modeling of Deformable Objects
	1.2 Parameter Estimation of Deformable Objects
	1.3 Modeling and Parameter Estimation of Rheological Objects
	1.4 Aim of the Present Work
	1.5 Dissertation Organization

	2 Physically-Based Models
	2.1 Generalized Serial Model
	2.2 Generalized Parallel Models
	2.3 Analysis of Parallel Models
	2.3.1 Experimental Rheological Behaviors
	2.3.2 Analytical Expressions of Rheological Stresses
	2.3.3 Analytical Expression of Residual Strain

	2.4 Discussions of Physically-Based Models
	2.5 Dual-Moduli Viscous Element
	2.6 Concluding Remarks

	3 2D/3D FE Dynamic Model
	3.1 FE Formulation with Cauchy Strain Tensor
	3.1.1 2D Elastic Model
	3.1.2 2D Rheological Model
	3.1.3 3D FE Model of Rheological Object

	3.2 FE Formulations with Green Strain Tensor
	3.2.1 2D Elastic Model
	3.2.2 2D Rheological Model
	3.2.3 Simulation Comparisons Between FE Models with Cauchy and Green Strain Tensors

	3.3 FE Formulation with the Dual-Moduli Viscous Elements
	3.4 Concluding Remarks

	4 Modeling of Non-Uniform Object and Contact Interaction
	4.1 FE Modeling of Non-Uniform Layered Object
	4.2 Contact Modeling
	4.2.1 Wide Area Contact
	4.2.1.1 Contact Moment Detection
	4.2.1.2 Constraints for Contact Nodes
	4.2.1.3 Losing Contact and Switching Parameters
	4.2.1.4 Contact Simulation

	4.2.2 Narrow Area Contact
	4.2.2.1 Object Remeshing
	4.2.2.2 Contact Simulation with Remeshing


	4.3 Concluding Remarks

	5 Parameter Estimation
	5.1 FE Simulation Analysis
	5.1.1 Contribution of Mesh Resolution
	5.1.2 Contributions of Young's Moduli
	5.1.3 Contributions of Viscous Moduli
	5.1.4 Contribution of Poisson's Ratio

	5.2 Parameter Estimation Based on Inverse FE Optimization
	5.2.1 Estimation of Poisson's Ratio 
	5.2.2 Calculation of the Summation of Viscous Moduli
	5.2.3 Optimization of Force Differences Based on Iterative FE Simulation
	5.2.4 Optimization of Force Differences Based on Calculations
	5.2.5 Parameter Estimation of FE Model with Dual-Moduli Viscous Elements

	5.3 Concluding Remarks

	6 Experiments and Validations
	6.1 Experimental Setup
	6.2 Compression Experiments
	6.2.1 Commercial Available Clay
	6.2.2 Japanese Sweets Materials

	6.3 Parameter Estimation Results
	6.3.1 Estimation of Poisson's Ratio 
	6.3.2 Calculation of Summation i=13ci
	6.3.3 Estimation of Other Parameters
	6.3.3.1 Estimation Results of Simulation-Based Optimization
	6.3.3.2 Estimation Results of Calculation-Based Optimization

	6.3.4 Estimation without the Constraint of i=13ci
	6.3.4.1 Estimation Results with Simulation-Based Optimization
	6.3.4.2 Estimation Results with Calculation-Based Optimization

	6.3.5 Estimation Results for All Objects Made of Clay Materials
	6.3.6 Estimation Results for Objects Made by Japanese Sweets Materials
	6.3.7 Estimation Results of FE Model with Dual-Moduli Viscous Elements

	6.4 Validation Results
	6.4.1 Validation Results of Objects Made by Commercial Clay Materials
	6.4.2 Validation Results of Objects Made by Japanese Sweets Materials
	6.4.3 Validation Results of FE Model with Dual-Moduli Viscous Elements
	6.4.3.1 Validation Results for Corresponding Uniform Objects
	6.4.3.2 Validation Results for Non-Uniform Layered Objects Made by Sweets Materials


	6.5 Concluding Remarks

	7 Conclusions and Future Works
	7.1 Conclusions
	7.2 Future Works


