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Agenda

@ Variational calculus
© Multiplier method
© ODE solver

@ Dynamics in Variational Form
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Variational calculus
Small virtual deviation of variables or functions.

y=x"

Let us change variable x to x + dx, then variable y changes to y + dy
accordingly.

y + 0y = (x + 6x)?
= x? 4+ 2x 0x + (0x)?
= x> + 2x Ox

Thus

0y = 2x 0x
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Variational calculus
Small virtual deviation of variables or functions.

= /OT{X(t)}2 dt

Let us change function x(t) to x(t) + dx(t), then variable / changes
to I + &1 accordingly.

I+ 61 = /T{x(t) +ox(t)}? dt
- /OT (x(D)F + 2x(t) ox(t) dt

Thus

51 — /T2x(t) 5x(t) dt
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Variational calculus

Variational operator o

00 virtual deviation of variable 6
df(0) virtual deviation of function f(0)

5F(0) = £(6)50

virtual increment of variable 6 — 6 + 60

increment of function f(0) — f(6 + 00) = £(0) + f'(6)00
f(0) — £(0) + f(0)

simple examples

5(5x) =56x  0x* = 2x dx
dsinf = (cosf) 60, dcosf = (—sinf) 0
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Variational calculus

Variational operator o
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Variational calculus

assume that @ depends on time t
virtual increment of function 6(t) — 6(t) + 66(t)

d‘) d (9+59)—@+3(se

/9dt—>/ (0 +66) dt-/&dt%—/c?@dt

variation of derivative and integral

6d—i = i(59

d
/Gdt—/éedt

variational operator and differential /integral operator can commute
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Example (curve of fastest descent)

Find a curve along that the mass falls fastest.

X1 X
start O —>

no friction :

mass :

y = y(x) :

gravity :

A

P end

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Variational Principles Appendix 7/ 42



Example (curve of fastest descent)

Shape of the curve : y(x)

Time when the mass moves from O to P : T = T|y]
Scalar T depends on function y
Functional T{y]

functional

function scalar
y =y(x) T
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Example (curve of fastest descent)

X X+dx X
(0] : : o
yp-o Ot |
y+dy |-- oD :
y =y(x)

kinetic energy gravitational energy

1
point (x,y) ~ Sm(x* +y7) —mgy

point O 0 0
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Example (curve of fastest descent)

1
Em()%2 +y3) —mgy =0

dx\? dy 2
& e Y
(dt) i (dt> &

(00 + (dy)? _ 1+ (dy/d)” ) oo

dt)® = =
(de) 2gy 2gy
1 1\2
2gy
where
y -
dx

10 / 42

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Variational Principles Appendix



Example (curve of fastest descent)

Consequently

point P X1 )2
Tly] = dt = LU,
2
point O 0 8Y

Find a function y(x) that minimizes (maximizes) a functional

Tly] = /X1 F(x,y,y") dx

X0

This problem is referred to as a variational problem.
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Example (curve of fastest descent)
Recall: minimization of function f(x)
f(x)

|
X X+dx X

For any deviation dx at the minimum point:
f(x +dx) — f(x) = f(x)dx = 0.
This condition is satisfied if, and only if,
f'(x) = 0.

Solving f'(x) = 0 yields minimum points (local minimum points).
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Example (curve of fastest descent)
Introduce the deviation of function y(x) into a variational problem:

dy(x) where dy(xo) =0, dy(x1)=0

Y0
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Example (curve of fastest descent)

Evaluating functional T[y], we have

Tyl = /X1 F(x,y,y") dx

X0

Tly + dy] :/ F(x,y +dy,y +dy’) dx

X0
Note that

OF OF
F Sy,y +6y)=F N+ by + =38y
(x,y +dy,y" +dy") (X,y,y)+ay v+ 5,0

T+l =T = [

X0
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Example (curve of fastest descent)

% OF OF 1°™ [ d (oF
—dy'dx = [—Iéy} —/ — (—) dy dx
/Xo dy' Y L, e X0V
T
0

- ()

Tly +dy] — Tly] =/ 9y " dx \ay

X0

y: optimal < T[y+dy]— T[y] =0 for any dy

oF _d (oF) _,
dy dx \oy' )

Euler-Lagrange's equation

Consequently
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Example (curve of fastest descent)

Euler-Lagrange's equation
oF _d (9F) _,
dy dx \oy' )

d
dx

is simply described as

F,——F, =0

where
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Example (curve of fastest descent)

In the case that F = F(y,y’), say, no explicit x is involved in a
functional F,

d,, d d
—('F,—F)=y"F, +y' —F, — —F
dx(y Y )=y y+ydx Y dx
T T
8de+8de’
d dy dx 0y’ dx
— yy/+Fyly//
=0

Thus, Euler-Lagrange’s equation can be simplified to

y'F,, — F = ¢ (const).
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Example (curve of fastest descent)
Solving curve of fastest descent problem

1+ (y)?
2gy

Tl = / " Fly.y') dx

F(y,y') =

OF y'

ay’ (14 y")2gy
Euler-Lagrange's equation

y/2 1+ (y1)2 B

c1 (const)
(1+ y?)2gy 2gy v

y,Fy/ —F =
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Example (curve of fastest descent)
Then,
il G 20 B
V(1+y"?)2y
—1=aV(1+y?)2gy
1=ci(1+y")2gy

— 1
y? = Czy Y where o = e (const)
Let
y = 2(1 — cos u)
2
Then,
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Example (curve of fastest descent)

(Cg 'sin )2 o —¢/2(1 —cosu) 1+cosu sin u
—u'sinu) = = =
¢2/2(1 — cos u) 1—cosu (1—cosu)?
The above differential equation is converted into:
C r 1
2 1l—cosu
%)
3(1 —cosu) du = dx

x:/%(l—cosu)du:%(u—sinu)—i—@

Noting that x = ¢z and y = 0 at u = 0, we find that c3 = 0. Finally,
we have

X = %(u—sin u)

y = %(1 — cos u) cycloid
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Example (curve of fastest descent)

Cycloid
u=0 (C2/2)p u=2p
0
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Example (curve of fastest descent)

Path of point on rolling circle

0
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Lagrange multiplier method
converts minimization (maximization) under conditions into
minimization (maximization) without conditions.

minimize f(x)
subject to g(x) =0

4

minimize /(x,\) = f(x) + \g(x)

U
ol of og
8_x_8_x+)\$_0
ol
a_g(x)—o
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Lagrange multiplier method (example)

Length of each edge of a cube is given by x, y, and z.

Determine x, y, and z that minimizes the surface of the cube when
the cube volume is constantly specified by a°:

minimize S(x,y,z) = 2xy + 2yz + 2zx
subject to R(x,y, z) 2 xyz—a =0

Introducing Lagrange multiplier )\, the above conditional minimization
can be converted into the following unconditional minimization:

minimize /(x,y,z,A\) = S(x,y,z) + AR(x,y, z)
= 2xy + 2yz + 2zx + A(xyz — a°)
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Lagrange multiplier method (example)
Calculating partial derivatives:

%:2y—|—2z—)\yz:0 (1)
g—)//:Zz+2x—>\zx:0 (2)
%:2x+2y—)\xy=0 (3)
%:xyz—a"’zO (4)

Calculating (1) - x — (2) - y, we have

z(x—y)=0,

which directly yields x = y. Similarly, we have y = z and z = x.
Consequently, we concludes x =y = z = a.
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ODE solver

Let us solve van del Pol equation:
X=2(1-x)x+x=0

Canonical form:

State variable vector:
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ODE solver (MATLAB)

File van_der_Pol.m describes the canonical form:

function dotq = van_der_Pol (t,q)

x = q(1);
v = q(2);
dotx = v;

dotv = 2% (1-x"2)*v - x;
dotq [dotx; dotv];
end

File name van_der_Pol should conincide with function name
van_der_Pol.
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ODE solver (MATLAB)

File van_der_Pol_solve.m solves van der Pol equation numerically

timestep=0.00:0.10:10.00;
qinit=[2.00;0.00];
[time,q]l=o0de45(@van_der_Pol,timestep,qinit);

% line style solid -  broken -. chain -- dotted :
plot(time,q(:,1),’-’, time,q(:,2),’-.7);
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ODE solver (MATLAB)

>> time
time =
0

0.1000
0.2000
0.3000
0.4000

>>q

q =
2.0000 0
1.9917 -0.1504
1.9721 -0.2338
1.9461 -0.2822
1.9163 -0.3125

The first and second columns corresponds to x and v.
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ODE solver (MATLAB)
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Dynamics in variational form

Lagrangian £(q, g, t) w.r.t.
a set of generalized coordinates g and its time derivative q
time integral of Lagrangian:

[%)
action integral :/ L(q,q,t)dt

t1

Variational principle in dynamics

variation of action integral vanishes
for any geometrically admissible variation of g

A [P
v.|.:/ 5C(q,q,6)dt = 0

[51

for any dq satisfying dq(t;) =0 and dq(t) =0
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Dynamics in variational form
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Dynamics in variational form

q
() froeerermerreee e :
a+sq(t)
TR E— :
© t t t

Lagrangian corresponding to q + 0q:

L . oL\ " oL\ " .
L(q+46q,q+dq,t)=L(q,q,t) + (%> 6q + (_q) oq
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Dynamics in variational form
variation of L(q, g, t):

oL\ " oL\ " .
e (£) o0+ (3) 5

time integral of the second term:
A /f2 (ac)T d
. (5 dt - . —6 dt
/1’1 (aq) 9 t1 aq dt 9

t=tp
oL\ " 2 /doL\"
=) ¢ —/ (——.) 5q dt
(aq> q]t_h . \dtog) 9

0 since dq(t;1) =0 and 0q(t,) =0
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Dynamics in variational form

Variation of action integral:

2oL\ " 2/ daL\"
VI = i I dt+/ (———_) Sqdt
/tl (8q) TET ), Uatag) 7

to T
2/ (%—i%) bgdt = 0 Véq
t1

Lagrange equation of motion
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Example (dynamic extension of beam)

P(X) P(L)
P(0)

natural shape at time 0

P(x) P(L)
P(0)
deformed shape at time t

Deformation at time t is described by function u(x, t) (0 < x < L)
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Example (dynamic extension of beam)

E: Young's modulus at point P(x)

A: Cross-sectional area at point P(x)

p: density at point P(x)

Assumption: A(x), E(x), and p(x) do not change despite of

extension, i.e. axial deformation is negligible.

Kinetic energy, elastic potential energy, and work done by external
force

L1 ou\?
L1 ou\?

W = f u(L,¢t)

U
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Example (dynamic extension of beam)
Lagrangian

L=T-U+W

ou ou
—/0 2'0A<8) dx—/0 2EA(8X) dx + f u(L, t)

Variation of Lagrangian

oL = / pA@Q(M dx — / EA@géu dx + f du(L, t)
Ox Ox

Recall

ou 0

Lo Ju
X—L_/o EM (EA8X> du dx
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Example (dynamic extension of beam)

Time-integral of the first term of JL:

// A——5udxdt
:// A——5udtdx

ou 2 9 ou
A— — A—
/o {[” at‘s“}t:n | (5 )5‘““} >
L tr 82
:/0 {—/ azéudt}dx
tr L 82
:/tl /0{ azéu}dxdt
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Example (dynamic extension of beam)

%)
V.L —/ oL dt

should be equal to 0 for any du(x, t)

+f=0
x=L

2
—pA% + % (EAau) 0. A

Ox Ox
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Example (dynamic extension of beam)
Equation of deformation (partial differential equation)

Pu_ 9 (_,0u
A5 <EA$)

u(0,t) =0

Boundary conditions

du
E(L, t)A(L, t)d (L, t) = f(t)
Initial conditions (example)

u(x,0)=0, Vxel0, L]
S0 =0, Wxe[o, L]
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Example (dynamic extension of beam)

Assume that E. A, and p are constant:

Pu 0%

o2~ C o
where ¢ = \/E/p
Given function f(x), let
u(x, t) = f(x —ct)
Then

Ou/ox = f'(x — ct), 0?u/ox® = f"(x — ct),
Ou/ot = f'(x — ct)(—c), %u/0t® = f"(x — ct)(—c)?

Thus, f(x — ct) is one solution of the PDE.
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Example (dynamic extension of beam)
Given function g(x), let

u(x, t) = g(x + ct)
Then
Ou/Ox = g'(x + ct), 0?u/ox* = g"(x + ct),
Ou/ot = g'(x + ct)(+c), Pu/ot® = g"(x + ct)(+c)?

Thus, g(x + ct) is one solution of the PDE.

Rayleigh wave

Solution f(x — ct) : wave propagating at speed +c
Solution g(x + ct) : wave propagating at speed —c

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Variational Principles Appendix 42 / 42



	Variational calculus
	Multiplier method
	ODE solver
	Dynamics in Variational Form

