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Abstract

Robust manipulation strategies of deformable ob-
jects will be presented. Manipulation of deformable
objects can be found in many �elds such as garment
industry and food industry. Guidance of multiple
points on a deformable object is a primitive oper-
ation in the manipulation of deformable objects. In
this guidance, the points often cannot be manipulated
directly. A model of the manipulated deformable ob-
ject is needed in order to perform these operations.
It is, however, diÆcult to build a precise model of
a deformable object. Thus, we need a robust con-
trol scheme that allows us to realize the operations
successfully despite of discrepancy between a manip-
ulated deformable object and its model.

In this paper, we will �rstly derive a mathemat-
ical model of deformable objects for their manipula-
tion. Second, indirect simultaneous positioning op-
erations of deformable objects are formulated. Then,
we will propose a simple position feedback control law
with the rough object model to realize the manipula-
tion. The validity and the robustness of the proposed
manipulation method will be shown through simula-
tion results.

1 Introduction

There exist many manipulative tasks that deal
with deformable objects such as textile fabrics, rub-
ber parts, paper sheets, and food products. Most
these operations strongly depend on skilled human
workers. We de�ne manipulation of deformable ob-
jects as controlling of deformation of deformable ob-
jects as well as their positions and orientations in
this paper. For example, a positioning operation
called linking is involved in the manufacturing of
seamless knitted products as shown in Fig.1 [1]. In
linking of fabrics, knitted loops at the end of a fab-
ric must be matched to those of another fabric so
that the two fabrics can be sewed seamlessly. This
operation is now done by skillful humans and auto-
matic linking is required in manufacturing of knitted
products. In this research, we describe the manip-
ulations of deformable objects including linking by
positioning of multiple points on the objects. Then,
we regard the manipulations as the operations in
which multiple points on a deformable object should
be guided to the �nal locations simultaneously as

shown in Fig.2. In many cases these points can-
not be, however, manipulated directly. Thus, the
guidance of positioned points must be performed by
controlling some points except the positioned points.
This operation is referred to as indirect simultane-
ous positioning [2]. In this paper, we will focus on
indirect simultaneous positioning as a fundamental
operation of manipulation of deformable objects.

Knitted fabrics

Knitted Loops Positioning operation
of knitted loops Sewing operation

(Linking)

Sewing needle

Figure 1: Linking of knitted fabrics

Some researches on manipulations of deformable
objects have been conducted. For automated man-
ufacturing of textile fabrics, many researches have
been done [3]. Ono et al. [4] have derived a strat-
egy for unfolding a fabric piece based on coopera-
tive sensing of touch and vision. In these researches,
since their approaches are for a speci�c task, thus
it is diÆcult to apply the results to other di�erent
tasks in a systematic manner. Some researches have
tried to deal with more general deformable object
in systematic manners as follows. Hirai et al. [5]
have proposed a method for modeling linear objects
based on their potential energy and analyzed their
static deformation. Wakamatsu et al. [6] have an-
alyzed grasping of deformable objects and have in-
troduced bounded force closure. In this approach,
control of manipulative operations is out of consid-
eration. Howard et al. [7] have proposed a method
to model elastic objects by the connections of springs
and dampers. A method to estimate the coeÆcients



of the springs and dampers has been developed by
recursive learning method for grasping. This study
has focused on model building. Thus, control prob-
lems for manipulative operations have not been in-
vestigated. Sun et al. [8] have studied on the po-
sitioning operation of deformable objects using two
manipulators. They have focused on the control of
the object position while deformation control is not
discussed.
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Figure 2: Indirect positioning of deformable object

In order to realize indirect simultaneous posi-
tioning, object model is important. However, it is
diÆcult to build an exact model of the deformable
objects in general due to nonlinear elasticity, fric-
tion, hysteresis, parameter variations, and other un-
certainties. This is a main diÆculty in manipulating
deformable objects. To solve this dilemma, we have
proposed to derive a robust manipulation strategy
based on a coarse object model [2].

Based on this basic idea, we have proposed an
iterative control scheme for the positioning [2]. It
is, however, diÆcult to increase the speed of con-
vergence in this approach. Also, it is diÆcult to
maintain a stable grasp in grasping task as shown
is Fig.2 because information of the deformation can
only be utilized discretely [9]. Thus, it is desired to
realize a new control law in which the deformation
characteristics are utilized continuously.

Thus, we will realize the manipulation of de-
formable objects by a simple position feedback con-
trol that can utilize information of the deformation.
In this control law, we only use a velocity relation-
ship between positioned points and manipulation
points. Then, the locations of the positioned points
are measured in real-time, and the location is fed
back to the robotic �nger using the velocity rela-
tionship.

In this article, we will �rstly build a coarse model
of deformable objects. Next, indirect positioning
will be formulated based on the coarse model. In
the formulation, we will derive a relationship be-
tween velocity of the positioned points and that of
manipulation points based on the equilibrium equa-
tions at the positioned points. Then, we will propose
a feedback control law with an approximate model.
Simulation results will show the validity and robust-
ness of the proposed control law.

2 Formulation of Manipulation of De-
formable Objects

2.1 Modeling of Deformable Objects

First of all, a model of deformable objects is de-
rived. On modeling of deformable objects, many

researches have been conducted. For example in the
area of computer graphics, cloth deformation is an-
imated by Terzopoulos [10] or Louchet, Provot and
Crochemore [11] and other many researchers. Our
research goal is to realize robust manipulation of de-
formable objects. Therefore, we employ more sim-
ple deformation model. We model the object by
connections of simple springs similar with Naster
and Ayache [12]. For simplicity, we deal with two-
dimensional deformable objects such as textile fab-
rics. We discretize the object by mesh points. Each
mesh point is connected by vertical, horizontal, and
diagonal springs as shown in Fig.3. In the model, we
assume that the object deforms in a two-dimensional
plane. In order to formulate the manipulation of de-
formable objects, object model must have the ability
to describe translation, orientation, and deformation
of the object simultaneously. Thus, position vector
of the mesh points is utilized. Position vector of the
(i; j)-th mesh point is de�ned as pi;j = [xi;j ; yi;j ]

T

(i = 0; � � � ;M ; j = 0; � � � ; N). CoeÆcients kx, ky,
k� are spring constants of horizontal, vertical, and
diagonal springs. Assume that no moment exert on
each mesh point. Then, the resultant force exerted
on mesh point pi;j can be described as eq.(1).

F i;j =

8X
k=1

F
k
i;j = �

@U

@pi;j
(1)

U denotes whole potential energy of the object.
Then, function U can be calculated by sum of all
energies of springs [2]. Here, we assume that the
shape of the object is dominated by eq.(1). Then,
we can calculate the deformation of the object by
solving eq.(1) under given constraints. Note that
the following discussions are valid even if the object
has an arbitrary three-dimensional shape by model-
ing the object similarly. Details have been reported
in [2].
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Figure 3: Spring model of deformable object

2.2 Problem Description

Here, we classify mesh points pi;j into the follow-

ing three categories(see Fig.4) in order to formulate
indirect simultaneous positioning.

manipulation points: are de�ned as the points
that can be manipulated directly by robotic �n-
gers. (4)



positioned points: are de�ned as the points that
should be positioned indirectly by controlling ma-
nipulation points appropriately. (
)

non-target points: are de�ned as the all points ex-
cept the above two points. (others in Fig.4)
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Figure 4: Classi�cation of mesh point

Let the number of manipulation points and of
positioned points be m and p, respectively. The
number of non-target points is n = (M +1)� (N +
1)�m�p. Then, rm is de�ned as a vector that con-
sists of coordinate values of the manipulation points.
Vectors rp and rn are also de�ned for positioned and
non-target points in the similar way. Eq.(1) can be
rewritten as eqs.(2),(3) using rm, rp, and rn.

@U(rm; rn; rp)

@rm
� � = 0; (2)"

@U(rm;rn;rp)

@rp
@U(rm;rn;rp)

@rn

#
= 0 (3)

where a vector � denotes a set of forces exerted on
the object at the manipulation points rm by robotic
�ngers.

Note that the external forces � can appear only
in eq.(2), not in eq.(3). This implies that no ex-
ternal forces are exerted on positioned points and
non-target points. These equations represent char-
acteristics of indirect simultaneous positioning of de-
formable objects.

Let us consider the following task:

[Indirect Simultaneous Positioning (ISP)]
Assume that the con�guration of robotic �ngers and
the positioned points on an object are given in ad-
vance. In addition, the robotic �ngers pinch the ob-
ject �rmly. Then, the positioned points rp are guided

to their desired location r
d
p by controlling manipula-

tion points rm appropriately.

3 Analysis of Instantaneous Motion of De-
formable Object

3.1 Velocity Relationship
Let us derive velocity relation among positioned

points and manipulated points. We can obtain the
following equation by di�erentiating eq.(3) by time
with r(t) = [rTm(t); r

T
n (t); r

T
p (t)]

T:

A(r) _rm +B(r) _rn + C(r) _rp = 0 (4)

where

A(r)
4
=

"
@2U(r)

@rm @rp
@2U(r)

@rm @rn

#
2 R(2p+2n)�2m;

B(r)
4
=

"
@2U(r)

@rn @rp
@
2
U(r)

@rn @rn

#
2 R(2p+2n)�2n;

C(r)
4
=

"
@2U(r)

@rp @rp
@2U(r)

@rp @rn

#
2 R(2p+2n)�2p:

Vector _rm is de�ned as a velocity of the manipula-
tion points. Vectors _rn and _rp are de�ned in the
similar way. By transforming eq.(4), eq.(5) is ob-
tained.

A(r) _rm +G(r)[ _rTn ; _r
T
p ]

T = 0; (5)

where

G(r)
4
= [B(r) C(r)] 2 R(n+p)�(n+p): (6)

Now, assume the follows:

Assumption 　 The positions of positioned
points rp can be determined uniquely, cor-
responding to the given positions of manipu-
lation points rm for any number and con�gu-
rations of the manipulation points.

From the Assumption, the in�nitesimal displace-
ment of the non-target points Ærn and that of posi-
tioned points Ærp can be determined uniquely corre-
sponding to an arbitrary in�nitesimal displacement
of the manipulation points Ærm. This yields the fol-
lowing [14].

Result 1

rank[B C] = 2p+ 2n ; 8m ; 8rm ; 8Ærm

Then, velocity relation among manipulation
points and positioned points can be derived as eq.(7)
by transforming eq.(5).

_rp = J(r) _rm; (7)

where J(r)
4
= �SLG

�1(r)A(r) 2 Rp�m and SL
4
=

[0; I ] 2 Rp�(n+p). Note that the kinematic rela-
tionship among positioned points and manipulation
points is included in matrix J(r) as well as the de-
formation model.

From the result 1, the next equation is satis�ed.



S(B) \ S(C) = f0g: (8)

We obtain the following equation from eq.(4).

[A B]

�
Ærm
Ærn

�
= �CÆrp (9)

Here, we examine a condition that there exist dis-
placements of operation points Ærm corresponding
to an arbitrary Ærp. The necessary and suÆcient
condition that there exist displacements of the oper-
ation points Ærm corresponding to an arbitrary Ærp
is given by

S([A B]) � S(C): (10)

Considering (8) with eq.(10) yields

S(A) � S(C): (11)

With Result 1, eq.(11) yields the following.

Theorem 1 There exist in�nitesimal displace-
ments of manipulated points Ærm
corresponding to arbitrary in�nitesimal dis-
placements Ærp, if and only if,
rank[A B] = 2p+ 2n is satis�ed.

In addition, Theorem 1 needs the following re-
sult.

Result 2 The number of the manipulated points
must be greater than or equal to that of the positioned
points in order to realize any arbitrary displacement
Ærp , that is, m � p.

Therefore, we assume m = p, the number of the
robotic �ngers equals to that of positioned points in
this paper. Thus, Jacobian matrix J(r) also become
a square one.

4 Feedback Control Law

In this section, we propose simple PID feedback
control laws in order to realize robust manipulation
of deformable objects.

Assume that the position of the positioned
points is measured by an image sensor and the ve-
locity of the manipulation points is measured by an
internal sensor of the robot �ngers. In the manip-
ulation of a deformable object, the velocity of the
positioned points and that of manipulation points
have to satisfy the relationship described by eq.(7).
Thus, the following feedback control law is derived
as similar as the control of robot manipulators in
task space:

u = �ĴTKP (rp�r
d
p)�KV _rm�Ĵ

TKI

Z
(rp�r

d
p)d�;

(12)
where u denotes the input torque or force to actua-

tors of a robot manipulator and ĴT denotes the ma-
trix J including some errors in deformation charac-
teristics and the kinematic relation among points. In
addition, we assume that a robot has prismatic joints
when deriving eq.(12) for the sake of the simplicity.

Note that we can derive the similar control law even
if the manipulator has rotational joints. Eq.(12) is
similar with the robot control in task space with un-
certain transposed Jacobian by Cheah et al [15].

5 Simulation Results

In this section, simulation results are illustrated
in order to show the validity and the robustness of
the proposed control law represented by eq.(??).

The left side of Fig.5 shows the initial shape of
the deformable object. Assume that the deforms
in a 2-dimensional plane. the dimension of the ob-
ject is 60[mm]� 60[mm]. There are four positioned
points and four manipulation points as shown in
Fig.5. Four crosses in the �gure illustrates the de-
sired locations of the positioned points. In this simu-
lation, we de�ne positioned points and manipulation
points as follows:

rp = [pT1;1;p
T
1;2;p

T
2;1;p

T
2;2]

T (13)

rm = [pT0;0;p
T
0;3;p

T
3;0;p

T
3;3]

T (14)

The desired location of positioned points is given
as follows:

r
d
p = [100; 70; 120; 100; 80; 100; 100; 130]T (15)

����������	
����� �������	����������	
�����


���
�������	
�����

�������	���
� ��������	���
�

Figure 5: Simulation results

Recall that we have ignored masses and dampers
of an object when we derived eqs.(12). But in the
simulations, we suppose that the deformable ob-
jects have masses and dampers as well as springs.
Namely, we employ the control law eq.(12) that is
derived by ignoring mass and dampers while an ob-
ject in simulations has masses and dampers. Thus,
we also investigate whether the control law eq.(12)
works e�ectively with the objects that has masses,
dampers, and springs through the simulations. As-
sume that each lattice point has mass m = 0:01[kg]
and each mesh has damping coeÆcient b = 5[Ns/m].
The spring constants is given by kx = ky = k� =
10[N/m]. Each robotic �nger has 10[kg] mass. All
feedback gains are �xed through the simulations.

Fig.6 illustrates the error norm of the simulation
results. The solid line shows the results with exact
object model. In the dotted line, we utilize kx =
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Figure 6: Error norm in simulation

1[N=m], ky = 10[N=m], k� = 1[N=m] even though
their exact values are kx = ky = k� = 10[N/m].

From Fig.6, we can conclude that the manipula-
tion of the deformable objects can be realized by our
proposed control law with approximate deformation
model. The right hand side of Fig.5 illustrates the
simulated shape with exact matrix. From this �gure,
our proposed control law realize large deformation.
In addition, the proposed method can control the
translation and the orientation of the object as well
as the deformation as shown in Fig.5.

6 Conclusions

In this paper, manipulation of deformable ob-
jects has been formulated. We have proposed a
position feedback control law with the approximate
model. The validity and the robustness of the sim-
ple feedback has been shown through the simulation
results.

The simulation results show that the error can
converge even if the control law utilizes approximate
model. The results shows that the method can con-
trol not only the deformation of the object but also
the translation and the orientation simultaneously.

We will theoretically clarify how much deforma-
tions are acceptable when the approximate model is
utilized as the future work.
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