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Abstract— Rheological object, such as various food products
and biological tissues, has both elastic and plastic properties.
Modeling of rheological object has not been studied frequently
comparing with the modeling of elastic one. Our previously de-
veloped FE models of rheological objects were based on triangular
or tetrahedra finite elements. In this paper, the FE model of
rheological object formulated with square (2D) or cubic (3D)
finite elements were presented. At first, the 2D FE model with
square elements was formulated and was then extended to 3D case
with cubic elements. The developed FE models were then utilized
to simulate regular shaped objects and computation cost and
simulation results were compared with the results from triangular-
or tetrahedra- based models. We found that the FE model with
square or cubic elements works as well as the model based on
triangular or tetrahedra elements but can save computationcost
with a speed-up ratio of about 30% in 2D or 50% in 3D cases.

I. INTRODUCTION

In our living life, we can find many rheological objects,
such as various food products, biological organs and tissues.
Different from elastic object, rheological object always yield
residual deformation after a loading-unloading operation. This
makes it more difficult to model a rheological object than
an elastic one. In medical related applications, elastic objects
have been modeled frequently since most researchers assumed
that the biological organs and tissues are totally recoverable
from the deformation or they only care about the deformation
during but not after the operation. However, some biological
tissues, such as brain, demonstrate rheological behaviorsunder
certain operation [1]. Residual deformation also happens in
some dropsical organs or tissues during a period of time after
an operation and it may be very important for diagnosis of
diseases. Such rheological behaviors cannot be simulated using
elastic models and have to be simulated using rheological
models. Besides, many other objects, such as various food
products, demonstrate rheological behaviors under loading-
unloading operations. Unfortunately, modeling and simulation
of rheological object has not been studied frequently so far.

Early work on modeling rheological object dates back to
Terzopouloset al. [2], who proposed a Burger model to
describe rheological behaviors. Unfortunately, it is onlya
conceptual description and no simulation results were given.
Two-layered Maxwell model [3] has been used to simulate
rheological forces when a sushi was grasped by a robot hand.
Good agreements in forces between simulation and experi-
mental results were obtained. However, the model is limited
to one-dimensional (1D) simulation. In two-dimensional (2D)
and three-dimensional (3D) simulations, two popular modeling

methods are frequently employed. One is Mass-Spring-Damper
(MSD) model and the other one is Finite Element (FE) model.
A MSD model consists of a mesh of mass points connected
between each other by a series of links. The dynamic behaviors
of each link are governed by several springs and dampers
connected in certain configuration [4]. On the other hand, in
FE model an object is described by a set of finite elements
(e.g., triangles and tetrahedra in 2D and 3D cases, respectively).
Dynamic behaviors of the object are then described by the
behaviors of individual elements. MSD model has been utilized
to model a food dough, typical rheological object, by Noborio
et al. They investigated three different mesh configurations: the
lattice [5], the truss [6], and the hierarchical structures[7], with
decreased MSD elements in order to reduce the computation
cost. The MSD model has advantages of simple formulation
and relatively low computation cost, but the formulation isnot
based on continuum mechanics and the geometrical topology
significantly affects the simulation results. In our previous
works, we have developed FE dynamic models for simulating
rheological objects and proposed optimization-based methods
for estimating physical parameters [8], [9], [10]. We have also
developed an FE contact model to simulate the interactions
between two objects [11]. To simulate large deformation and
deformation with rotation motion, nonlinear Green strain tensor
has also been introduced into our FE model [12].

Our previous FE models were formulated with 2D trian-
gular and 3D tetrahedra finite elements, which are the most
popular and elementary elements. However in FE method,
other elements are also available, such as 2D quadrilateral
and 3D hexahedron elements, etc. In this paper, therefore, the
formulation of FE rheological model with 2D square and 3D
cubic finite elements will be formulated and the comparisons
in computation cost and simulation results with previously
triangular/tetrahedra elements will be performed.

The rest of the paper is organized as follows. Section 2
presents the formulation of 2D model with square finite ele-
ments. 3D model with cubic elements will be presented in Sec-
tion 3. Section 4 demonstrates computation costs and simulation
results of models with square/cubic and triangle/tetrahedra finite
elements and comparisons and discussions will be made. The
conclusions and future works given in Section 5.

II. 2D M ODEL WITH SQUARE FINITE ELEMENT

A. Formulation of Elastic Force

First of all, let us start with 2D modeling of elastic defor-
mation with square finite element. Let�PiPjPkPl be a square
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Fig. 1: Square (a) and cubic (b) finite element.

element with the side lengthl, as shown in Fig. 1a. Assume
that PiPj is parallel toξ -axis and PiPl is parallel toη-axis.
Let (ξi,ηi) be the coordinates of point Pi. Then, coordinates
of Pj, Pk, and Pl can be calculated easily. Let us define shape
functions corresponding to Pi, Pj, Pk, and Pl as

Ni, j,k,l =
(ξi + l −ξ )(ηi + l −η)

l2 , N j,k,l,i =
(ξ −ξi)(ηi + l −η)

l2 ,

Nk,l,i, j =
(ξ −ξi)(η −ηi)

l2 , Nl,i, j,k =
(ξi + l −ξ )(η −ηi)

l2 ,

(1)
whereξξξ = [ξ ,η ]T is any point inside square�PiPjPkPl . Let
uuu = [u(ξ ,η),v(ξ ,η)]T be displacement vector of the point. The
displacement vector can be then approximated using the shape
functions as:

uuu = uuuiNi, j,k,l + uuu jN j,k,l,i + uuukNk,l,i, j + uuulNl,i, j,k, (2)

whereuuui, uuu j, uuuk, anduuul be displacement vectors at nodal points
Pi, Pj, Pk, and Pl , respectively. Letuuui, j,k,l = [uuui,uuu j,uuuk,uuul]

T be
a collective vector consisting of displacements at Pi, Pj, Pk,
and Pl . We also introduce another two collective vectors as:
γγγu = [ui,u j,uk,ul]

T andγγγv = [vi,v j,vk,vl]
T.

Let us calculate strain vector inside�PiPjPkPl . For an
isotropic linear material, the Cauchy strain tensorεεε =
[εξ ξ ,εηη ,2εξ η ]T is formulated as

εξ ξ =
∂u
∂ξ

= aaaTγγγu,

εηη =
∂v
∂η

= bbbTγγγv,

2εξ η =
∂u
∂η

+
∂v
∂ξ

= bbbTγγγu +aaaTγγγv,

(3)

where

aaa =
1
l2







−(ηi + l −η)
(ηi + l −η)

(η −ηi)
−(η −ηi)






, bbb =

1
l2







−(ξi + l −ξ )
−(ξ −ξi)

(ξ −ξi)
(ξi + l −ξ )






. (4)

Note that the density of elastic potential energy of an isotropic
linear material can be formulated as

W =
1
2

λ (εξ ξ + εηη)2 +
1
2

µ [2ε2
ξ ξ +2ε2

ηη +(2εξ η)2], (5)

where scalarsλ and µ denote Lamé’s constants, which can
be calculated by Young’s modulusE and Poisson’s ratioγ as
follows:

λ =
γE

(1+ γ)(1−2γ)
, µ =

E
2(1+ γ)

. (6)

Integrating the energy density Eq. 5 over the square element
�PiPjPkPl yields the potential energy stored in the element.
Note that

Gλ ,
1
2

∫

�
(εξ ξ + εηη)2hdS

=
1
2

[

γγγT
u γγγT

v

]

[

LLLaa LLLab

LLLba LLLbb

][

γγγu
γγγv

]

,
(7)

where h denotes the thickness of the square element and
constant coefficient matrices are formulated as

LLLaa =

∫

�
aaaaaaThdS, LLLbb =

∫

�
bbbbbbThdS,

LLLab = LLLba =

∫

�
aaabbbThdS.

(8)

Similarly, we also have

Gµ ,

∫

�
(ε2

ξ ξ + ε2
ηη)hdS +

1
2

∫

�
(2εξ η )2hdS

=
1
2

[

γγγT
u γγγT

v

]

[

MMMaa MMMab

MMMba MMMbb

][

γγγu
γγγv

]

,
(9)

where constant coefficient matrices are formulated as

MMMaa = 2LLLaa + LLLbb, MMMbb = 2LLLbb + LLLaa,

MMMab = LLLba, MMMba = LLLab.
(10)

Consequently, potential energy stored in the square element is
calculated as

Ui, j,k,l = λ Gλ + µGµ . (11)

Partial derivative of integralGλ with respect toγγγ = [γγγT
u ,γγγT

v ]T

is formulated as

∂Gλ

∂γγγ
=

[

LLLaa LLLab

LLLba LLLbb

][

γγγu
γγγv

]

, (12)

Similarly, we have

∂Gµ

∂γγγ
=

[

MMMaa MMMab

MMMba MMMbb

][

γγγu
γγγv

]

, (13)

Note that the following permutation converts vectorγγγ into
uuui, j,k,l :

PPP =

(

ui u j uk ul vi v j vk vl

ui vi u j v j uk vk ul vl

)

. (14)

This permutation converts∂Gλ /∂γγγ into ∂Gλ /∂uuui, j,k,l and
∂Gµ/∂γγγ into ∂Gµ/∂uuui, j,k,l . As a result, a set of nodal forces
generated on Pi through Pl can be formulated as follows:

fff i, j,k,l = −

∂Ui, j,k,l

∂uuui, j,k,l
= −

(

λ
∂Gλ

∂uuui, j,k,l
+ µ

∂Gµ

∂uuui, j,k,l

)

= −

(

λ JJJλ
� + µJJJµ

�

)

uuui, j,k,l .

(15)

Note that JJJλ
� and JJJµ

� are independent ofξi and ηi, or l.
Namely,KKK� = λ JJJλ

� +µJJJµ
� is a constant matrix and independent

of nodal points coordinates. This is different from the FE
model formulated with triangular element, in which connection
matricesJJJλ andJJJµ depend on the coordinates of nodal points
[12].



Equation 15 is used to calculate the elastic forces generated
on a square element�PiPjPkPl . Summing up all forces gen-
erated on individual nodes, we are able to compute the elastic
forces at all nodes as

FFF = −

(

λ JJJλ
2D + µJJJµ

2D

)

uuuN , (16)

whereFFF anduuuN are force and displacement vectors of all nodes,
matricesJJJλ

2D and JJJµ
2D are referred as connection matrices and

they can be calculated by summing up the contributions ofJJJλ
�

andJJJµ
� from individual square elements.

B. Formulation of Rheological Force

A parallel five-element model (Fig. 1c in [12]) is employed in
this paper to govern rheological behaviors of individual square
elements. The constitutive law of this model is formulated as

σ̇1 +
E1

c1
σ1 = E1ε̇,

σ̇2 +
E2

c2
σ2 = E2ε̇,

σ3 = c3ε̇,

σ = σ1 + σ2+ σ3,

(17)

whereσ1, σ2, andσ3 are stress at the first, second, and third
layer of the five-element model,σ and ε are the stress and
strain at the model,E1, E2, c1, c2, andc3 are Young’s moduli
and viscous moduli of individual elastic and viscous elements
of the model, respectively.

As presented in [12], the constitutive law Eq. 17 can be
converted into a relationship between rheological force and
displacement by performing a series of replacements based on
the formulation of elastic force (Eq. 16) as

ḞFF1 +
E1

c1
FFF1 =

(

λ ela
1 JJJλ

2D + µela
1 JJJµ

2D

)

u̇uuN ,

ḞFF2 +
E2

c2
FFF2 =

(

λ ela
2 JJJλ

2D + µela
2 JJJµ

2D

)

u̇uuN ,

FFF3 =
(

λ vis
3 JJJλ

2D + µvis
3 JJJµ

2D

)

u̇uuN ,

FFFrheo
2D = FFF1 + FFF2 + FFF3,

(18)

whereFFF1, FFF2, andFFF3 are force vectors corresponding to stress
σ1, σ2, andσ3, respectively,λ ela

1 , µela
1 , λ ela

2 , andµela
2 are Lamé

constants corresponding toE1 andE2 and can be calculated by
Eq. 3 of [12],λ vis

3 andµvis
3 described the model’s viscosity and

are defined by Eq. 15 of [12], vectorsuuuN andFFF rheo
2D denote the

rheological displacement and force vectors generated on the FE
model.

C. Dynamic Equations of Rheological Deformation

After having the formulation (Eq. 18) of rheological force,
we can formulate a set of dynamic equations of rheological
deformation. At first, let us compute the kinetic energy inside
square element�PiPjPkPl . Note that the rate of displacement
vector with respect to time is described by

u̇uu = u̇uuiNi, j,k,l + u̇uu jN j,k,l,i + u̇uukNk,l,i, j + u̇uulNl,i, j,k, (19)

at any point inside the element. Kinetic energy of the element
is then described as:

Ti, j,k,l =
∫

�PiPjPkPl

1
2

ρ u̇uuTu̇uuhdS, (20)

whereρ denotes the density of the material. Substituting Eq. 19
into Eq. 20 and integrating it, we have

Ti, j,k,l =
1
2

u̇uuT
i, j,k,lMMMi, j,k,l u̇uui, j,k,l , (21)

where

MMMi, j,k,l =
ρ l2h
36








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2III2×2 4III2×2 2III2×2 III2×2

III2×2 2III2×2 4III2×2 2III2×2

2III2×2 III2×2 2III2×2 4III2×2









(22)

with III2×2 be a 2×2 unit matrix. Note that the summation of
all blocks of matrixMMMi, j,k,l is equal toρ l2hIII2×2, which is the
mass of square element�PiPjPkPl . The mass matrixMMM of an
object with square mesh can be then calculated by summing up
the contributions ofMMMi, j,k,l from individual square elements.

Assuming that a rheological object is fixed on ground and the
top surface of the object is pushed down with a displacement
function of d(t). Both geometric constraints on the nodes of
bottom and top surfaces can be described byAAATuuuN andBBBTuuuN

with matricesAAA and BBB denoting the nodes to be constrained.
Thus, Lagrange equation under these two geometric constraints
can be formulated as

L =
1
2

u̇uuT
NMMMu̇uuN −U + λλλ T

1AAATuuuN + λλλT
2BBBTuuuN , (23)

where λλλ 1 and λλλ 2 are Lagrange multipliers denoting a set
of constraint forces, scalarU denotes the potential energy
generated inside the object and can be calculated by summing
up the contributions of Eq. 11 from individual elements. Note
that the partial derivative ofU with respect touuuN yields the
force vector generated on all nodes.

Applying Lagrange equations of motion to Eq. 23, a set of
motion equations of nodes can be formulated as

−FFFrheo
2D + AAAλλλ 1 + BBBλλλ2−MMMüuuN = 0. (24)

Using the Constraint Stabilization Method (CSM) [13] to
convert a set of geometric constraintsAAATuuuN = 0 andBBBTuuuN = 0
into a set of differential equations, we have

AAATüuuN + AAAT (2ω u̇uuN + ω2uuuN
)

= 0,

BBBT (üuuN − d̈dd
)

+ BBBT [2ω
(

u̇uuN − ḋdd
)

+ ω2(uuuN −ddd)
]

= 0,
(25)

where ω is a predetermined angular frequency and is set to
1000 for both constraints during simulation.

Introducing velocity vectorvvvN = u̇uuN and combining Eqs. 18,
24, and 25, we obtain a set of differential equations which for-
mulated 2D FE model of rheological deformation. Numerically
solving these differential equations, we are able to compute
the rheological force and deformation based on square finite
elements.



III. 3D M ODEL WITH CUBIC ELEMENTS

In 3D case, we formulate the FE modeling with cubic
elements, as shown in Fig. 1b. The formulation process is the
same with 2D square case. Some variables, however, have to
be reformulated to fit the 3D coordinate system. First of all,
the shape functions are defined as

Ni =
1
l3 (ξi + l− ξ )(ηi + l−η)(ζi + l− ζ ),

N j =
1
l3 (ξ − ξi)(ηi + l−η)(ζi + l− ζ ),

Nk =
1
l3 (ξ − ξi)(η −ηi)(ζi + l− ζ ),

Nl =
1
l3 (ξi + l− ξ )(η −ηi)(ζi + l− ζ ),

Nm =
1
l3 (ξi + l− ξ )(η −ηi)(ζ − ζi),

Nn =
1
l3 (ξ − ξi)(η −ηi)(ζ − ζi),

Nr =
1
l3 (ξ − ξi)(ηi + l−η)(ζ − ζi),

Ns =
1
l3 (ξi + l− ξ )(ηi + l−η)(ζ − ζi),

(26)

where(ξi,ηi,ζi) is the coordinate of point Pi, [ξ ,η ,ζ ]T denotes
any point inside the cubic element⊡PiPjPkPlPmPnPrPs, l is the
side length of the element.

Two components of elastic potential energy are recomputed
as

Gλ
3D ,

1
2

∫

⊡

(

εξ ξ + εηη + εζζ
)2dV,

Gµ
3D ,

∫

⊡

(

ε2
ξ ξ + ε2

ηη + ε2
ζζ

)

dV

+
1
2

∫

⊡

[

(

2εηζ
)2

+
(

2εζξ
)2

+
(

2εξ η
)2
]

dV,

(27)

whereεξ ξ , εηη , εζζ , εξ η , εηζ , andεζξ can be calculated from
the linear Cauchy strain tensor in 3D case.

Taking the partial derivative of the above integralsGλ
3D and

Gµ
3D with respect touuu⊡, we have a set of nodal forces generated

on Pi through Ps as:

fff ⊡ = −

(

λ JJJλ
⊡ + µJJJµ

⊡

)

uuu⊡. (28)

where fff ⊡ anduuu⊡ denote the force and displacement vectors at
nodes of the cubic element⊡, matricesJJJλ

⊡ andJJJµ
⊡

are constant
matrices with a dimension of 24× 24. By summing up the
contributions ofJJJλ

⊡ andJJJµ
⊡ from individual cubic elements, we

are able to calculate a stiffness matrixKKK3D = λ JJJλ
3D + µJJJµ

3D
for an object. The dimension of matricesJJJλ

3D and JJJµ
3D is

3N ×3N with N denoting the nodal number of the mesh. By
replacingJJJλ

2D by JJJλ
3D andJJJµ

2D by JJJµ
3D in Eq. 18, we are able to

compute the rheological forcesFFF rheo
3D in 3D case. Consequently,

we can formulate a set of dynamic equations of rheological
deformation in 3D case as presented in the last section. Note

that the mass matrix of a cubic element can be calculated as

MMM⊡ =
ρl3

63
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



(29)
with III3 be a 3×3 unit matrix.

From the above formulation we found that the major differ-
ence in 2D and 3D model is the calculation of the connection
and mass matrices. Fortunately, they are constant matricesand
can be prepared in advance.

IV. SIMULATION AND COMPARISON RESULTS

A. Simulation Setup

2D and 3D FE simulations are performed with different
meshes and in different nodal resolutions. Assuming a 2D
regular-shaped object is fixed on ground with triangular and
square meshes as shown in Fig. 2a and Fig. 2b, respectively.
In 2D case, the nodal resolution of the object is set to 5×5.
The top-center node is deformed vertically during simulation
with a displacement functiond(t), which appears in Eq. 25
and is described by Fig. 2c. During time period

[

0, tp
]

, the
object is pushed down with constant velocity and the time
period is called push phase. During time period

[

tp, tp + tk
]

,
the deformation generated in the object is kept unchange and
it is called keep phase. Accordingly, the deformed shape in
the keep phase is called keep-shape. After timetp + tk, the
geometrical constraint on the top-center node is removed and
the object is allowed to recover freely and finally reach a
permanent shape, which is called final-shape accordingly. In
3D case, FE simulations with both tetrahedra and cubic meshes
are performed and the same displacement functiond(t) is used
to deform the object. Instead of pushing from the top-center
node, the entire top surface of the object is deformed in 3D
simulations. The size of the object is set to 0.08×0.08mm2 in
2D and 0.08×0.08×0.08mm3 in 3D cases, respectively. The
nodal resolutions used in simulations are set to 5×5 and 9×9
for 2D and 5×5×5 and 9×9×9 for 3D cases, respectively.
The physical parameters used in simulations are the same and
listed in Table I, wheretsim denotes total simulation time.

(a) (b)

t t

(c)

Fig. 2: A 2D regular-shaped object fixed on the ground with
triangle (a) and square (b) mesh respectively, a displacement
function d(t) (c) is acted on the center node of the object.



TABLE I: Physical parameters used in simulations

E1 E2 c1 c2 c3
Parameter

(Pa) (Pa) (Pa·s) (Pa·s) (Pa·s)

Value 1×104 2×104 3×106 2×105 1×102

h (m) tp tk tsim
Parameter γ

2D only (s) (s) (s)

Value 0.35 0.012 2 4 10

B. Simulation Results and Comparisons

The simulations were coded by MATLAB’s M-file and run
on a desktop with an Intel CPU (2.8GHz) and 3.25 GB of
RAM. The integrations were performed using a MATLAB’s
build-in function named “ode23”. The computation costs of
simulations were recorded and listed in Table II. We found
that the element number of a square mesh is two times smaller
than a triangular mesh in 2D case, but the speed-up ratio is
about 30%. On the other hand, the element number of a cubic
mesh is six times smaller than a tetrahedra mesh in 3D case,
but the speed-up ratio is about 50%. We also found that the
speed-up ratio is not increasing along with the increase of
nodal resolutions. Therefore, we conclude that the square or
cubic finite elements yield faster simulation comparing with
the triangular or tetrahedra finite elements and the speed-up
ratios are about 30% in 2D and 50% in 3D cases, respectively.

We also compared the simulation results of rheological forces
and deformation from different meshes. Figure 3 shows the
comparison results in 2D case with 5× 5 and 9× 9 nodal
resolutions. We found that the deformed shapes from both
meshes are almost same but a difference appears in rheological
forces. The square mesh yields slightly smaller force than
the triangular mesh. In other words, an object modeled by
square mesh is slightly softer than the same object modeled
by triangular mesh. In addition, we also found that larger
nodal resolution yields smaller force amplitudes and better
agreements in deformation. This tendency of force reduction
will be weaker with the increase of the nodal resolution and

TABLE II: Comparison of simulation costs

Model Nodal Element Element Sim. Speed-up

dim. resol. type number cost (s) ratio

Triangle 32 8.66
5×5

Square 16 5.86
32.33%

2D
Triangle 128 42.92

9×9
Square 64 29.28

31.78%

Tetrahedra 384 40.09
5×5×5

Cube 64 17.44
56.50%

3D
Tetrahedra 3072 8366.83

9×9×9
cube 512 3850.00

53.98%
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Fig. 3: Comparisons of simulation results in 2D with blue lines
for triangular mesh and red lines for square mesh.

finally becomes negligible as the nodal resolution reaches
certain number [9].

Comparison results in 3D case are shown in Fig. 4. For the
convenience of clear comparison, only 2D projections of 3D
deformation were given in the figure. From Fig. 4 we found that
the deformation are matched very well but larger differencein
forces appeared between both meshes. However, force trends
of both meshes are same. The difference in forces between
different meshes is caused by the geometrical topology. This
difference can be eliminated by performing model calibration
or parameter estimation. In other words, different FE meshes
require different physical parameters in order to predict certain
rheological force behaviors. The comparisons done in this paper
tend to show that the square or cubic finite element has the
same ability as the triangular or tetrahedra element for modeling
rheological behaviors. In addition, 3D simulation snapshots of
both resolutions are shown in Fig. 5 to demonstrate how 3D
simulation is.

V. CONCLUSIONS AND FUTURE WORKS

In this paper, FE dynamic models of rheological objects
were developed using 2D square and 3D cubic finite elements.
Comparing with 2D triangular and 3D tetrahedra elements,
the formulations with square and cubic elements are less
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Fig. 4: Comparisons of simulation results in 3D with blue lines
for tetrahedra mesh and red lines for cubic mesh.
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Fig. 5: 3D simulation snapshots for both resolutions.

complicated because the connection matrices are no longer
related with the coordinates of nodes. Because less number of
elements are involved in square or cubic meshes, computation
costs were significantly reduced comparing with triangular
and tetrahedra meshes. We found that the speed-up ratios
in computation costs are about 30% in 2D and 50% in 3D
models respectively and they were not affected much by the
nodal resolutions. Comparisons of simulation results between
different meshes showed good agreements in deformation but
certain differences in rheological forces. However, the force
trends were the same which guaranteed the same abilities of
both meshes for simulating certain rheological behaviors.After
performing model calibration or parameter estimation, theFE

models formulated with square or cubic finite elements can
work as well as models with triangular or tetrahedra elements
for simulating rheological objects.

In the future, parameter estimation for FE models with square
or cubic finite elements will be investigated as we have done
for the triangular and tetrahedra elements. FE model based on
nonlinear Green strain tensor will be also formulated using
square and cubic finite elements to simulate large deformation
and deformation with rotation motion. Model with irregular
shaped objects and contact interaction will also be formulated
based on square and cubic elements.
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